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SUMMARY 
The quantal phase shifts for H
+ 
- (He, Ne, Ar, Kr), K
+ 
- 
(He, Ne), and Li + - He systems have been calculated using interaction 
potentials obtained from the literature. The phase shifts were 
calculated over the range k = 10
-2 
a.u. - 20 a.u. where k is the 
relative ion - atom momentum. The phase shifts were obtained by 
numerically integrating the radial equation, using a Numerov integrator, 
and matching the numerical and'aSYMptOtic solutions at large r. 
The quantal elastic,diffusion, and. viscosity cross sections 
were determined for the ion-rare . gas syStems mentioned above over the 
stated range of relative momenta'by -meanSof standard phase shift sums 
over angular momentum. For low relative momenta, as few as 30 phase 
shifts were necessary for covergence of the sum,'while at the highest 
relative momenta as many.., as 200 phase shifts were required. 
The classical diffusion and viscosity cross sections for the 





(Ne, Ar), and Na+ (He, Ne, Ar) systems were calculated over the stated 
range of relative momenta. At low relative momenta, the classical 
cross sections serve only as a "mean" about which the quantal cross 
sections oscillate, but the agreement between the classical and 
quantal values improves with increasing relative momenta until they 
eventually become indistinguishable. 
Collision integrals and zero field reduced mobilities were 
calculated for each ion-rare gas system and compared to experimental 
viii 
ix 
values as a test ofthe interaction potentials used-in the calculation. 
Quantal values were obtained at various temperatures between 1 and 
. 	A 
1000 ° K. The low energy quantal ?effects ,observed in the cross sections 
survived the averaging procedure of the collision integral only in the 
case of the very light ion sySteMS; 'CH - (He, Ne, Ar, Kr)), and then 
only at low temperatures. For:the other ion-rare gas systems considered, 
classical and quantal calculations of the mobility differed by less 
than 1% over the entire temperature range. 
The Vainshtein, Presnyakov and Sobel'man approximation was 
shown to be applicable to the excitation of metastable helium by 
electron impact. The expressions for the singlet-singlet and triplet-
triplet excitation cross sections taking into account the exchange of 
incident and atomic electrons were derived. 
The Born and the Vainshtein, Presnyakov and Sobel'man 
..1 ' 3D and approximations were applied to the 21'3P, 3 1,3s, 3 1,3p,s  
4 1 ' 3P excitations arising from e - He (2 1 ' 3S) collisions. Total 
excitation cross sections were calculated for the above transitions 
for electron impact energy up to 500 eV. Contrary to expectation, 
excitation to the 31,3D and 3 1 ' 3S states dominate the 3 1 ' 3P and 4 1 ' 3P 
excitations except at incident energies above 100 eV. 
The use of the so-called Massey-Mohr approximation in the 
theory of atomic collisions is discussed. It is pointed out that this 
approximation has a much more general application than envisioned by 
its creators. 
PART I 
Theoretical Calculation of the Mobility of Ions 





Consider a localized trace amount of ions in an otherwise 
uniform gas of neutral atoms of an —Unlike element. The diffusion of 
the ions in the gas is describedby Pick's law, which relates the ion 
flux density J to the negative of the gradient of the ionic number 
density through a constant of-proportionality known as the binary 
diffusion coefficient, D 12 . If a weak electric field is applied to the 
gas, the ions will drift through the gas with an-average velocity 
proportional to the electriC field'strength. This constant of 
proportionality is known as the zero field mobility, K, and is related 
to the binary diffusion coeffitient through the Einstein relation, 
eD12 K = 
kT 
where e is the ionic charge, k is Boltzmann's constant, and T is. the 
temperature of the neutral gas. The binary diffusion coefficient depends 
on the detailed ion-neutral interaction in a very complex manner 
through the collision integrals (2) , 
1 	IkT ji 
 (T) 	






L+2 42711 	E	e 
3 
where p and E are the reduced-mass and reiativ0 energy of ion-neutral 
system, and the Q (E) are the'icla'Ssi'Cal . , 'sprriiclassical, or quantal 
transport cross sections as a functionof E. Defining N 1 and N2 as 
the ion and neutral gas number densitieS, the binary diffusion coeffici-
ent is given by 
Ko (T) - 
(1-3) D 12 
- 
16p(N 1+N2) 0' 1) (T) 
3kT (1 + eo ) 
where eo is a small correction factor
(3)  depending on higher order 
collision integrals, Q (,$) (T). In general we consider only a trace 
amount of ions, such that N 1 <<N2 , and choosing N 2 to be the standard 
number density, N = 2.687 x 10 19 cm-3 , we may define the zero field 
reduced mobility, 
3e (1+60 ) 
• 	16pN 52 (1,1)  (T) 
Reduced Collision Integrals  
In calculating the zero field reduced mobility, it becomes 
convenient to deal with dimensionless variables and reduced collision 
cross sections and integrals. Following the discussion of Hirschfelder, 
Curtiss, and Bird (2) , we may write a general spherically symmetric 
interaction in the form, 
V(r) = Ef(r/a). 
4 
For potentials of the general form used to describe ion-neutral inter- 
actions, 
ME [MN' N (al N V (r) - T4 	- (I-5-a), 
Or 
V (r) - 	JM(1+y) e 	_ N( 2r(a) _ L\1 1-71!) (I-5-b), JN(1-y)+2NMy-JM(1+y) i•*) 	DJ+YArl mAl+yAT) 
and Q are the well depth and position of the potential minimum 
respectively, while for ion-neutral potentials of the form, 
ME (N\PritlA N _ (a\ 
V (r) = N-M 	W (I-5-c) 
is still the well depth, but o-now represents the radial position at 
which the interaction is equal to zero, and the position of the 
potential minimum is given by 
r 	-=0)(N-M) min ' m A 
(I-5-d). 
Another choice of s and cr might be simply the units of energy and length 
used in defining the interaction. 
Once E and o are determined we may define reduced variables of 
the form, 
E* = E/E 
5 
V* = V/E 
T* = kT/E 
r* = r/a 
,  
etc. For a rigid sphere of radius a, thetclassical transport cross 
(2 1 sections are given by , 
Q (t) 	 = [. 
rigid sphere 
1 	+ C-  1) 	a2 
2-\ 1+Z (I-7-a) 
and the corresponding collision integral's by,, 
(t 4) 	 :j kT Cs + 1) 	CZ) 2`-" . . 	 (I-7-b). rigid sphere 	2ffu 	2 Q ' 	rigid sphere 
Using equations (7) we can define reduced transport cross sections and 
collision integrals, 
GO * 	Q(Z) (E)  Q 	(E*) = 
(Z) 
Q rigid sphere 




(T)  ' (T) (Z 4) 2 !  rigid sphere 
(I-8-al 
(I-8-b), 
and in the case of the diffusion cross section, t. = 	= 1, we obtain 
2C.1,1)*(T*) 	
2 




Using (I-8-c) we may now writeih'e , zero field reduced mobility, 
equation (4), in terms of the reduced'collision integral: 
3e pkT  (1+€ 0 ) - f:0 (T) - 
Development of the Scattering Cross Section  
The theory of scattering is well developed and has been 
presented by a large number of authors (2 ' 4-7) , therefore only a few 
relevant results will be reproduced here. 
Classical  
The classical theory of scattering is based on well defined 
trajectories for the interacting particles. In the center of mass 







known as the impact parameter, where e. is the angular momentum of the 
ficticious particle of mass p about the center of mass. Straight- 
forward analysis (2)  leads us to the angle of deflection in the center 
of mass system 
2 - 1 
0 (b,E) = 7-2b )1 - 
dr [, 	V(r) 	b-  2 r r r 	 I - 
as depicted in Figure 	and where'r'-', the diStancb of closest approach, 
is the outer most root of thedenominator - of the integral in 
J11 
7 
Figure 1. A Classical Scattering Trajectory. 
8 
equation (I-11). For a spherically symmetric interaction, the transport 
cross sections are given by, 
Qt (E) = 	- cos h . 	0-(b,E))1Apdb 	 (I-12), 
where the infinite impact parameter corresponds to an angle of deflec-
tion of 0 and the zero impact parameter to •an angle of deflection of 
Tr. Re-writing equations :(I-.11):;,and 	in terms of the reduced 
. 	, 
variables, equations (I-6), and the.reduced impact parameter, 












 ) Qt* 	= 2 [1 	2 	 (0(b*,E*)db*db* (I-15). Jr 1-cost 
Quantal  
From the Heisenberg uncertainty principle (5) , 
dx Ap 
A 0 A 	Ti. 
it is evident that a well defined trajectory or scattering angle is not 
feasible in the quantum theory of scattering. As a starting point we 
consider the time independent Schrodinger equation (8)  for a spherically 
symmetric potential, 
• [7)-2 + k 2 - U(r)111 (r,e) = 0 , 	 (I-17-a) 
where T(r) is the time independent wave function, k is the wave number 
and 
2p. U(r) = -- V(r) (1-17-b) 
with the restriction that T(r) be continuous for all r and the boundary 
conditions 
T(o) = 0 * 	 (I-17-c) 
ikr 
T(r 9) 	eik•r+ f(8) e 
r÷00 
(I-17-d) 
The right hand side of equation (1-17-d) represents an incoming plane 
4- 	4. 
wave, eik • r , and an outgoing spherical wave where f(9), known as the 
scattering amplitude, contains the detailed information about the 
collision, i.e., the angular distribution of scattered particles in the 
center of mass system. 
*(a) We assume V(r)÷4-.0 as r÷10Vand V(r)->0 faster than r
2 as rte. 
.1, 	 • 
9 
1 0 
If we consider an incident beam of plane waves under the effect 
of an interaction V(r), we can define a probability per unit area of the 
incident beam that a particle will be scattered into a solid angle, 
dQ(0,(1)), as 
Number of particles scattered into dQ(04) 
per second  
(11(04)&2(94) Number of incident particles per unit area 
per second 
(I-18) 
where a(04) is called the differential cross section. For an incoming 
beam of plane waves we find that the incoming particle flux is given by 
I = hk/11 	 (I-19-a), 
while for the scattered beam at large 
hk 	
2 . 
I s (84) 	. 21f(0)1 1 
pr 
(I-19-b) 
and the number of particles per second scattered into a solid angle 
dQ(84) is 
1 hTr k 	1
2 
I s (04)r 2dS2(0,4)) = — If(8)1 sinededcP, (I-19-c). 
Using equations (I-19) in (I-18) we obtain for the differential cross 
section 
2 
u(04) d52( 8 4) = If(e)1 dc(e4) 	 (1-20). 
1 
The total cross section and, transport' cross:settions are then easily 
defined by weighted integrals of (I-20); 
11 
= ' 	l'a 
Qtotal (E=) 	j 
2 
.f(6)1 '1116d6 	 (I-21-a) 
Tr 




Thus the calculation of the quantal cross sections, equations (I-21), 
reduces to the determination of the scattering amplitude f(0). 
For spherically symmetric potentials, the method of partial 
waves has been successfully used to determine f(0) and the cross sect- 
(9-10) ions, equations (I-21). 	This method of solution of the Schrodin- 
ger equation is based on expanding the time independent wave function 
in a series of Legendre Polynomials, 
u,e (r) 
11(1. ' 13) 	kr 
	 Pt (cos 6) (I-22). 
Substituting equation (1-22) into (1-17-a), multiplying by P t qcos6), 
and integrating over 0 by using the orthogonality condition for the 
Legendre polynomials we obtain the radial equation for u t (r), 
[ 2 
r d 
t(t+ 1) u(r) + = 0 
r 2 
The asymptotic form of equation (I-23-a) for large r is 
(I-23-a) 
(I-23-b) W,e (r) = 0 
[ d 2 	£(2.+1)  
dr2 r 2 
yr) = 	[kr - 11] + Btcos [kr - 2 (I-24-c). 
such that 




which has as its solution 
we (r) = Atykr) + 	(kr) , 	 (1-24-a) 
a linear combination of the regular and irregular Recatti-Bessel 
functions. -These-functions are related to the spherical Bessel and 
Neumann functions, in terms of which equation CI-24-a) becomes 
wt (r) = kr [Aej t (kr) + Bet (kr)1 	 (I-24-b) 
and, using the asymptotic forms of these functions, we have, 
We now define, 
= tan-1 [BL/At] 	 (I-25-a) 
13 
Bz = sin ri (I-25-c), 
and using equations (1-25) in (I-24-e) we have, 
me. wz (r) = sin [kr - 	+ Tit] (1-26), 
where 71 is the phase shift. If we now expand the right hand side of 
(I-17-d) in a series of Legendre Polynomials and equate the result to 
the asymptotic form of equation (1-22), using (I-26), we obtain finally 
f(e , 	E, 
2ik L 
rean„_,1 (2Z+1) Pz (cos8) . ' 4 (1-27). 
Equation (1-27) can now be used in equations (I21), the resulting 
integrations being perforthed by using the recursion and orthogonality 
relations for the Legendre polynoMialS, to obtain the total and trans-
port cross sections. A general relation for the quantum transport 
cross sections has been derived (11) , but due to its complexity only 
the total cross section and the transport cross sections for t. = 1 and 
= 2 will be reproduced here; (10)  
00 
4Tr (4total (E) = —5- E (2Z+1) sin2 (nt) k Z=0 






(2) (E) = !la 	U-41)(tt2,  




The resulting diffusion cross k.section, equation (I-28-b), may now be 
used in equations (I-8) and (1-99 ,to_obtain a reduced cross section and 
collision integral, and finally a zero field reduced mobility. 
Description of Numerical Calculations  
Classical 
Just as the classical theory of scattering is well developed, 
so are the numerical techniques required to evaluate the classical 
deflection angle and cross sections. O'Hara and Smith (12) have in fact 
developed, a comprehensive computer code to evaluate not only the trans-
port cross sections, but also the corresponding collision integrals. The 
heart of this code is the Clenshaw-Curtiss (13) Quadrature, which makes 
possible the efficient evaluation of the numerous integrals necessary to 
obtain even a single collision integral. A change of variables in the 
integral of interest is made such that the integral becomes, 
1 
I = f f(x)dx 	 (1-29) 
-1 
where f(x) is continuous on (-1,1). The integrand f(x) is then 
expanded in a series of Chebyshev polynomials, and the series is inte-
grated term by term to give us the desired quadrature. The advantages 
of this method are (14) ; 1) very good accuracy is obtained with relative-
ly few abscissae, 2) the number of abscissae can be doubled without 
15 
discarding previous calculations, 3) a reliable error estimate can be 
easily computed, and 4) the weights and abscissae are simple to compute 
for any number of abscissae. As this code has been extensively tested 
and was readily accessible, it was used to obtain all classical colli-
sion integrals evaluated. 
Quantal  
Phase shifts. In the section above, we discussed the problem 




1)  U(r) + k 2 ut. (r) = 0 
with the boundary conditions, 
(I-30-a) 
ut (0) = 0 	 (I-30-b) 
(I-30-c), 
for a physical interaction, U(r). We wilt solve theSe equations by 
numerically integrating, the radial equation,, making use of the first 
boundary condition to start the prodedure 	r, and matching the 
numerical solution to the asympttitic one `'=,at,large r to evaluate the 
coefficients A and Bt . 
16 
There exists a large number of techniques for the solution of 
linear second-order differential equations (15) , but the method of 
Numerov( 16-18) is well adapted to equations of the form of (I-30-a). 
If we consider the relationship between the second order central 
difference operator 6 2 and the,second order differential operator D
2 
where 
6 2y(x) E y(x+h) - 2y( 	y(x-h) 	 (I-31-a) 
D2y(x) E Y" (x} 
	dy ) 	 (I-31-b) 
x 











Noting that equation (I-30-a) can be written in the form, 
Y"W m F(x)Y(x) 	 (I-32) 




y(x+h)-2y(x)+y(x-h) = h 2 [F(x)y(x)+4(F(x+h)y(x+h) 	(I-33-a). 
- 2F(x)y(x) + F(x-h)y(x -h)) 
17 
Using the notation, 
where xo is the starting 
h2 
Yn+1 - Yn+Yn-1 = 12 
or 
2 
[1--h 	F 	]y 	=h 12 n+1 n+1 
Defining 
we finally obtain 
Yn+1 
xn = xo + nh 
f(xn) = fn 
point of the procedure, we have, 









] yn- [1-- F 	ly 	• 
	
12 n-1 n-1 
2 
Y 	[1 - h 	 F 	y 
n 12 n n 







the Numerov integiator. 
To start the integration procedure, we chdose a point r0 such 
that the effective potential V 	r)'= V( ) + 4e+1) is much larger 
'o
2 
than the relative energy of the colliding particles, E = k 2 /211, in 
order that we may approximate the wave function at r o by, 
ut (ro ) E Ut (°) = 0 
	
(1-35-a) 
and at ro + h, where h is the step size, by 




Equation (1 - 34 -c) is then used to obtain the radial solution at 
successivepoints,r.=ro + jh, until an r such that the V eff (r) 
is small compared to the relative energy is reached. When this 
"asymptotic region" is reached the second boundary condition, 
equation (I-30-c), is applied at-two successive values of r 
nt Cr) = kr , K kr) + Bet (kr).] 	 (1-36-a) 
ut(r+h) = k(r+h) [Atj t (k(r+h))1+ BeEk(T*11))] 	 (I-36-b), 
and from these conditions the coefficients At and Bt and thus the phase 
shift 
(I-36-c), 
are determined. The phase shifts determined in this manner will change 
as the integration procedure is continued, but as V eff (r) "dies 
out" the phase shift will converge. The criteria for stopping the 
19 
radial integration will be that two successive evaluations of the 
phase shift must agree to within a small number E. In order to 
streamline this convergence somewhat the phase shift will only be 
evaluated when the radial solution goes ,thru a zero. This condition 
is arbitrary, i.e., it couldbe replaced the condition that convergence 
be checked at each extrema in. the radial„solution, etc., but it 
eliminates the necessity of calculating the phase shift for every pair 
of points, r and r+h; in the asyriiptotio, regioh. 
JWKB Correction to QUantal_PhaeASIO-ft. The procedure 
described above for obtaining the qualltal phaSe shift totally ignores 
the effects of the long range part of the interaction beyond the point 
where the phase shift converges. Admittedly the contribution from this 
region will be small for any single phase shift, but when the effect is 
summed over several hundred angular momentum values, the overall effect 
can be substantial. 
The quantal cross sections are weighted sums of the sine squared 
of the phase shifts or phase shift differences (equations 1-28). 
Taking into account the additive JWKB correction to the phase shift, 
the argument of the sine function can be written as the sum of a quantal 
term and a correction term; 
A = Aq + Ac (1-37) 
Expanding sin2 (Aci + A) we have, 
20 
. 2 q c 	2 q 	2 c 	2 0 	2 c 	 c- 	c sin 0, +A ) = sin Atcos At+cos Aisin At+2sinA2cosA2sinAtcosAt (I-38-a) 
or, 
2 rA1 	2 	 c 3 2 q .c (At)  I. 	2 sin2 (Aq+Ac ) = sin2 A1 [1 2y  
	
+ + cos At at 31 	... 






i and noting that At s small we finally obtain, 
sin2 (A2+Act) = sin2A2 + Actsin(2A2) + 0 [(4) 2] (1-39) 
Thus, the effect of the correction term not only depends on its value, 
but also on the value of the quantal phase shift. 
As a means of economically calculating this correction to the 
quantal phase shift, we have used a JWKB approximation as suggested by 
Dickinson (10) . The JWKB approximation to the phase shift is (19) 
co 











. Using equation 
(1-40) we can write the JWKB phase shift due to the long range inter-
action beyond ro , the point at which the numerical integration of the 
radial equation is stopped as 
2 1/2 JWKB 	11-1 	V(r) 	
b2








As r becomes large, an ion-neutral potential will approach a 






where a is the polarizability of—the neutral species. If we assume that 
beyond r0 the only appreciable portion of the ion-neutral interaction is 
the "polarization tail", we can use equation (I=42) in (I-41) to obtain 
the desired correction to the phase shift as, 






 F(v,t) - (2A) E (v,t)} , b 4 > 4q
4 (I-43-a) 
[ 2 	 . 6JWKB = k ro
-b2] 1/2  - cosi3 [r
2
-b
2 + q4/r11/2+ b sin-1 (b  ) o 
+ 2q [(1-x2) FO,x),- E(E,d} , b
4 < 4q4 (I-43-b) 
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and the functions F and E are the incomplete elliptic integrals of the 
first and second kind respectively. We note here a misprint in the 
work of Dickinson (10) , in that the arguments of the elliptic integrals 
in his equation (19), corresponding to (I-43-b) above, are in reverse 
(20) order to the convention of Byrd and Friedman - , while his equation 
(18) agrees with this. convention. 
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Cross Sections. As the corrected phase shifts were evaluated, 
their contribution to the sums of equations (1 - 28) was determined. 
This process is straightforward and need not be discussed here. 
In general, the phase shift sum for the elastic cross section 
was found to converge much slower than the corresponding diffusion and 
viscosity sums. This is to be expected since the latter sums depends 
on the sine of phase shift difference, and for large angular momenta 
the phase shift is a slowly varying function of 	For low energies, 
as few as 30 to 50 phase shifts were required to obtain the desired 
accuracy while up to 200 were necessary at the highest energies con-
sidered. The ratio of the partial cross section to the sum of partial 
cross sections was used as a check on the accuracy of the sums. In the 
worst case observed this ratio was less than 10 -2 for the elastic cross 
section and less than 10 -4 for the diffusion and viscosity cross 
sections, but in general the accuracy achieved for the sums was very 
much better than the worst case. 
Collision Integrals. To insure the accuracy of the collision 
integrals, two separate methods were used in their calculation. In the 
first method, a cubic spline fit of the log of the diffusion cross 
section versus the log.of the energy WasAiSed to-interpolate values of 
the cross section for a Simpson's rule integration. The maxima and 
s minima of the lo 	(1) g (IQ 	) 	.' log (E) curve ,were `found and the integra- 
tion was divided into integrals from one extrema tocthe next, each 
being evaluated with 0.1% numerical accuracy. In the second method, 
(1). a cubic spline fit of g - ys. E Was used to,carry out the necessary 
integration in closed form. The resulting integral is a sum, 
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E. 
I = E 
N 	fi+1 dE 
e - 
4 E/kTE 2 z 	A.Ej-1 
i=1 	Ei 	 j=1 
(1-44) 
where N + 1 is the number of cross sections, E i is the energy at which 
. the th 	icrosssectionwasevaluated,andtheik.'s are the coefficients 
of the spline fit. The collision integrals obtained by these two 
methods agree to at least three significant digits for all cases. 
Over the temperature range 1!7K < T < 1000 ° K the contributions 
from the highest and lowest energy regions are much smaller than the 
0.1% numerical accuracy ofthe-dal.cUlatipn such that the error intro-
duced by the transition from an infinite integral to a finite one can 
be assumed to be negligible. 
CHAPTER II 
RESOLTS'AND DISCUSSION 
Ion-Rare Gasjnter4ctiOn Potentials  
The various calculations described in Chapter I all ultimately 
depend on the ability to efficiently calculate the interaction potential, 
V(R), over a wide range of ion-atom separations, R. A large number of 
ion-atom interaction potentials now exist in the literature(9' 21-32)*  
but the majority of these are reported as tables of energy versus ion-
atom separation** which must be approximated by some function f(R) 
before they can be used. Although this process is a simple exercise 
in functional or polynomial approximation, a short discussion of the 
types of approximating functions used and a tabulation of results will 
be given. 
Functional Forms  
The common characteristics of all ion-neutral interactions are; 
1) a short range repulsive core, 2) an attractive potential well, and 
3) a long range (-1/r4 ) behavior arising from the ion-induced dipole 
interaction. In general, tabulations of interaction potentials are 
limited to the potential well, but our knowledge of the behavior of 
the ion-neutral interaction in the neighborhood of the repulsive core 
*This list is by no means exhaustive. 




and of the attractive polarization tail enables us to choose appropriate 
model functions for these regions and then insure a smooth transition 
from one region to the next. 
The approximation of the well regions for the interactions 
considered here(9, 21-25, 271 , was carried out by one of two basic 
methods. A cubic interpolating polynomial was used to fit the proton- 
(21) helium and proton-neon interactions of Peyerimhoff 	, while a least 
squares fit of the tabulated interaction was used for ion rare gas 
interactions of Catlow et al. (9) , Klingbeil (24) , Rich et al. (25) , and 
Gordon et a1. (27) . The functions used for the least squares fits will 
be presented later, with the corresponding interactions. 
Proton-Rare Gas Interactions  
Weise Interactions*. Of all the interactions considered here, 
only this set is presented in the literature in a functional form. 
They were obtained by assuming a model function for the interaction and 
then adjusting the parameters until the differential cross section 
calculated using this model matched the corresponding experimental 
cross section. Two sets of functions using different model potentials 
were presented by Weise.et'a1. (22). and Mittmann et al., (23) , but only 
the set used in this calculation will be considered here. The model 
function used for the Weise interactions is 
V1 (R) = E 	 (_2A1A2  ( Lp)) - 2 , exp'(AiX2 1-p)) 
' *Henceforth the Weise et al. C2.21 -2- Y   and Mst 	mannet al. (23) interactions 
will be referred to as the Weise,-interactions for the sake of brevity. 
-12 ' 	-6 
V 1 (R) =-A R 	+ A R 
Where, p = R/Rmin 
A2 = 1, p < 1 
A2 	1, p >1. 
As noted by the authors, the Weise interactions do not have the proper 
long range behavior, and, as discussed in (II-1-A), it was necessary to 
insure this behavior by restricting the use of equation (II-1) to R 
less than some Ra , and using the function, 
V2 (R) = B 1 expC-B2R) - 1/2aR-4 	 (II-2) 
for R > Ra. 
The parameters used in equations (II-1) and (II-2) are given 
in Table I. 
Peyerimhoff Interactions. The H
+ 
- He and H
+ 
- Ne interactions 
of Peyerimhoff (21) were obtained from a Hartree-Fock-Roothaan calcula-
tion, the H+ - He potential having been used previously in a mobility 
calculation (10) . As noted above, a cubic interpolating polynomial was 
used to fit Peyerimhoff's interactions for R A < R < RB where RA and RB 
 are the lower and upper limits of the tabulated data while outside this 
region the functions, 
R < RA 




Table I. The Weise et al. Interactions. 










- He 2.2 .85 .07350 1.455 -5.715E+2 2.817 5.1 1.384 
H
+ 
- Ne 2.68 .85 .08379 1.871 -2.798E+3 2.805 5.6 2.666 
H
+ 
- Ar 2.5 .86 .14847 2.476 -5.478E+5 2.423 8.9 11.067 
H
+ 
- Kr 2.5 .80 .16354 2.778 -5.608E+7 2.326 11.6 16.736 
-4 
RA R < RB    
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were used. The A's and C's were determined by requiring that the 
interactions and their 1st derivatives be continuous at R A and RB 
respectively. Their values are given in Table II along with those of 
RA and RB. 
Klingbeil and Rich et al. Interactions. The H + - Ar interaction 
of Klingbei1 (-4) and the H+ - Kr interaction of Rich et al. (25) are the 
results of a procedure in which differential scattering data is inverted 
to obtain an interaction potential. A least squares fit of the tabu-
lated interactions to the function 
V2 (11) = B 1 exp (-B 2R). 
was made, where RA and R B are again the lower and upper limits of the 
tabulated data. In the region's R < RA and R > R B , the interactions 
were approximated in a manner identical to that used for the Peyerimhoff 
interactions. The parameters used in equations (II-3) and (II-4) are 
presented in Table 1r along with values of RA and RB . 
Alkalai Ion-Rare Gas Interactions  
Catlow et, di,,Interactions. The Li + - He interaction has been 
investigated by a number of authors (9 ' 32 '  33) , and several ab initio 
Hartree Fock calculations exist for this system
.(
9' 
31, 34) , due to its 
relative simplicity, i.e., it is an ion-neutral system with only three 
electrons. A least square fit of the ab initio interaction of Catlow 
et al. C9) was made and mated to appropriate long and short range model 
functions as discussed earlier. The resulting approximating function is; 
Table II. Proton-Rare Gas Interactions of Peyerimhoff (24) (H+ - He, Ne), 
Klingbeil (H+ - Ar), and Rich et al. (H + - Kr). 
Al  A 2 RA B 1  1 
B 
2 
B 3 B4 RB 1 
C 2 a 
He .07203 .07137 1.0 4.0 -.7784 1.678 1.384 
Ne 3.974 -.6101 1.35 4.0 -17.34 2.279 2.666 
Ar 105.82 -3.664 1.686 62.78 2.187 20.41 -19.56 4.898 -.6601 .6992 11.067 
6.45E+3 -39.77 2.269 -3.37E+3 3.681 385.76 -52.37 6.0 -.7372 .5595 16.738 
31 
V 1  (R) = (3.476 x 10
-7)R-12 + 16.93 exp(-2.6306R), R < 1.29, 
V2 (R) = 24.69 exp(-2.6325R)° - .7152R -4 , 1.29 < R < 8.0, 	(II-5) 
V3 (R) = -2.923 x 10
-4  exp(-.4933R) - .692R-4 , R > 8.0. 
Gordon-Waldman Interactions -. The ion neutral interactions of 
Gordon and Waldman C27) were calculated using an electron-gas Drude-
model
C26) 
in which the atoms are treated as three-dimensional harmonic 
oscillators. Due to the simplicity 'of the calculations required by 
this model, "the computer time spent by the calculation is insignifi- 
,(26) cant' - , and the duthori haVe7produced a-large number of interactions 
• 
over a wide range of internuclear separations. From this collection of 
interaction potentials the nine systems, Li - (He, Ne, Ar), No
+ 
- (He, 
Ne, Ar), and K
+ 
-(He, Ne, Ar) were chosen for consideration and fit by 
a least squares technique to a model function suggested by Weise et 
al. (22-23) This model function has the form, 





(pN  - ( 1-pM) + 1, N >M, 
H(p) 
p ) 
P = Rmin/R 
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and 	E = a1 a2 + 	+ a3 
and the properties, 
V(p) 	+ C° as p 	0 
.V(p) 	0 as p r  co 
i.e., all the general characteristics desired for an ion-neutral 
potential. Despite its very general appearance, large number of inde-
pendent parameters (7), and:desirable properties, it was necessary to 
divide the tabulated interactions into four separate regions as depicted 
in Figure 2. The first and second regions were separated at R = RA , 
where V(RA) is well up on the repulsive core, the second and third at 
RB, where V(R11), was'in the vicinity of the: crossing point, and the 
third and fourth at Rc , where the interaction potential was approximately 
equal to the polarization, interaction for R>R C . The resulting inter-
action potentials have the form; 
R<RA, 
V2  (R) = F(R) ' 










Figure 2. A Typical Ion-.Neutral Interaction Divided 
into Regions as for the Gordon-Waldman( 27 ) 
Interactions. 
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V3 (R) = F(R), 	 RB  < R < R  C' 
V4 (R) = B 1 exp(B2R) + B3R
-6 - 1/2aR-4 + B4 exp (B5R), R>R C* 
The parameters A l and A2 were determined by the condition that V 1 and 
V2, and their derivatives be equal' at R = RA, the parameters B 1 - B 3 
are the results of a least squares fit, B 4 and B5 were determined by 
matching V3 , V4 , and their derivatives at R = RC and RA , RB , and RC  
were chosen to provide the smoothest possible transition from one region 
to the next. It was found that for the systems Li
+ 
- Ne, Ar and Na
+ 
- 
He, Ne, the above procedure broke down for very small R and the resulting 
interaction approached - co rather than + co as R 0. This was remedied 
by the addition of a fifth region and the function 
V5 (R) = C l exp(C2R) + C 3R-8 , R < RD 
where C l and C 2 were determined by matching V 1 , V5 , and their derivatives 
at RD' and C3 was chosen to obtain the best approximation of the tabu- 
lated interaction for small R. The values of all parameters defined 
above are given in Tables III-a through e. This procedure is a bit 
cumbersome, but the approximating functions derived from it generally 
match the Gordon potentials to at least three significant places. 
Admittedly, a simpler form for the potential could have been used, but 
the reproduction of the interactions would not have been as faithful in 
such a case. 
Table III-a. Parameters for the Gordon-Waldman Interactions, Region I. 
a1 a2 a3 
R 	. 
Han 
L M N R A
l 
A2 
Li t -He 1.289E-2 -7.689E-5 2.146E-7 4.950 -2.445 1.15 3.725 1.755 1.799E-4 323.42 
Lit -Ne 1.238E-2 1.954E-3 -5.63E-5 5.0 - 	.25 1.7 3.5 2.255 8.856E-5 429.72 
Li
+
-Ar 2.552E-2 5.928E-4 -1.208E-5 5.23 - 	.25 2.2 4.0 3.003 4.663E-5 988.78 
Kt -He 1.215E-2 -7.55E-5 2.404E-7 6.5003 - 	.95 1.8 4.0 3.7 4.767E-4 39.528 
K
+
-Ne 3.262E-2 -2.476E-4 1.049E-6 6.0425 -2.5 2.0 4.0 3.39 2.269E-3 32.771 
K
+
-Ar 1.552E-2 -1.023E-4 4.779E-7 6.733 -.4 2.2 5.01 4.051 2.476E-4 43.657 
Nat -He 8.006E-3 2.266E-4 -3.864E-6 5.75 - 	.8 1.9 3.95 3.59 5.924E-4 32.901 
Nat -Ne 1.584E-2 8.067E-4 -1.047E-5 5.743 - 	.478 1.99 3.95 3.412 9.487E-5 288.41 
Na
+
-Ar 4.373E-2 -2.454E-4 6.304E-7 5.989 - 	.85 2.1 4.35 3.75 5.999E-3 17.928 
Table III-b. Parameters for the Gordon-Waldman Interactions, Region II. 
a l a2 a3 R mln. L 
M N RA RB 
Li + -He 9.903E-3 4.765E-4 -1.589E-5 5.08 -1.01 1.15 3.684 1.755 2.8 
Li+-Ne 5.182E-3 3.475E-3 -1.462E-4 1.685 - 	.25 1.7 3.5 2.255 3.035 
Li
+
-Ar 1.303E-2 3.696E-3 -1.768E-4 5.174 - 	.25 2.2 4.0 3.003 3.62 
K+-He 1.574E-3 7.005E-4 -3.049E-5 7.088 - 	.95 1.8 4.0 3.7 4.236 
K
+
-Ne 2.996E-3 1.149E-3 -4.18E-5 6.986 -2.5 2.0 4.0 3.39 4.393 
e-Ar 6.072E-3 8.726E-4 -4.827E-5 7.01025 -3.4 2.2 5.01 4.051 4.713 
Na+ -He -1.566E-4 3.079E-6 -5.834E-9 11.7515 - 	.8 1.9 3.95 3.59 4.35 
Na+ -Ne -1.115E-3 4.077E-3 -2.899E-4 5.819 - 	.478 1.99 3.95 3.412 4.21 
Na+ -Ar 2.545E-3 5.357E-3 -4.315E-4 6.34045 - 	.85 2.1 4.35 3.75 4.65 
Table III-c. Parameters for the Gordon-Waldman Interactions, Region III. 

































Li+-Ar 9.664E-3 3.673E-3 -2.015E-3 1.132E-2 4.15575 3.379 6.948 ' 3.62 5.8 
K
+
-He 8.175E-4 -6.174E-6 9.236E-8 8.115E-4 5.429  4.3 8.75 12.46 4.236 6.9 
e-Ne 1.457E-3 -1.123E-5 2.202E-7 1.446E-3 5.534 4.05 8.9 12.7 4.393 7.45 
e-Ar 4.151E-3 -6.299E-5 1.636E-6 4.09E-3 5.894 4.025 8.36 11.4 4.713 6.5 
Na
+
-He 1.294E-03 -3.382E-5 1.949E-5 1.280E-3 4.5641 3.925 7.25 12.71 4.35 6.27 
Na+ -Ne 2.535E-3 -4.31E-5 -5.123E-7 2.491E-3 4.5902 3.7576 7.4825 12.09225 4.21 6.6 
Na+ -Ar 5.686E-3 1.068E-3 -8.462E-4 5.908E-3 5.1314 3.426 7.6192 11.263 4.65 6.62 










' 4. Li -He -2.21269 - 	.87596 - 	.13376 2.21382 - 	.87624 1.384 6.0 
Li +-Ne -1.885E-3 - 	.8274 - 	.18992 -1.420E+2 -3.10534 2.667 6.0 
id +-Ar 6.609E+2 -2.6532 - 5.04464 48.241 -2.6871 11.0673 5.8 
K
+
-He -5.566E-2 -1.13719 - 6.92581 3.007E-2 -1.3149 1.384 6.9 
K
+
-Ne 3.077E-4 - 	.42542 -19.66174 -3.169E+9 -4.74321 2.667 7.45 
K
+
-Ar -6.61E-4 - 	.35866 -46.7269 6.846E+5 -3.31376 11.0673 6.5 
Na+ -He 6.256E-3 -1.14325 - 3.09332 -3.6741 -2.5598 1.384 6.27 
Nal- -Ne -8.118E-3 -1.0816 - 5.06948 -1.2826E-3 - 	.54198 2.667 6.6 
Na+-Ar 2.219E+5 -3.3265 -19.05964 2.247E-2 -1.27089 11.0673 6.62 
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Table III- 	Parameters for the Gordon-Waldman Interactions, 
Region V. 
R 




i -Ne 2.0 49,3188 -2.684 .02 
Li+-Ar 2.0 7.9221 -4.663E-5 3.4 
Nat-He 2.0 2.02995 - 	.9295 1.9 
Na+ -Ne 2.0 14.3778 -1.3898 6.8 
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Phase Shifts  
Comparison with Published Data  
The phase shifts were calculated in the manner described in 
Chapter I, being basically quantal with a JWKB correction for the long 
range portion of the interaction. The phase shift routine was checked 
in two ways. First a comparison of our calculated phase shifts for 
the scattering of electrons and positrons by atomic hydrogen was made 
with the tabulated values of Bransden 	We then calculated the 
Boltzman sum phase shift 
00 , 
G B  = E 	(24+1) 5 t. , t=0 
CII-12) 
for an attractive static screened coulomb interaction, 
V(r) - 
-e-r/X0  r 
where A0  is the Debye screening length, and compared our results with 
the very accurate resulti of Rodgers (35)  . As can be seen in Tables 
IV-a and b, our phase shifts agree quite well with those of Bransden. 
From Table V, we note that at low k where only a few phase shifts are 
involved in the sum, our results agree with those of Rodgers to four or 
five significant places but as k increases, and more phase shifts become 
involved in the sum, our agreement drops to two significant digits. We 
wish to note that neither of these calculations included the JWKB 
correction described above. 
Table IV-a. Positron-Hydrogen Atom (Tolerance for Convergence 
of Phase Shifts is 10 -4 ) 
0+ 





.1 -.058 -.058 
.2 -.1145 -.1146 -.0017 -.0018 
.3. -.1680 -.1683 -.0055 -.0056 
.4 -.2181' -.2181 -.0121 -.0121 -.0005 -.0005 
.5 - -.2640 -.2636 -.02 -.021 -.0013 -.0013 
.6 -.3043 -.3042 -.0322 -.0322 -.0028 -.0028 
.8 -.3713 -.3712 -.0584 -.0583 -.0082 -.0082 
Table IV-b, Electron-Hydrogen Atom (Tolerance for 










.1 .721 .7201 .0003 .0002 
.2 .9731 .971 .0021 .002 
.3 1.0458 1.0445 .0066 .0066 
.4 1.0575 1.0567 .0147 .0146 .0005 .0005 
.5 1.0448 1.044 .026 .0259 .0014 .0014 
.6 1.0210 1.02 .0406 .0404 .003 .0029 
.8 .9633 .9628 .0752 .075 .0087 .0086 
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Table V. Ar 	1.0 
k 
G 	= (2t+1) 	6 B 
t 
Rodgers 






4.7 x 10 -2 
10-1 
1.5 x 10-1 























We have also attempted to compare our results for the Li + - He 
and H
+ 
- He systems with similar results of Catlow et al. (9) and 
Dickinson (10) for the same systems, respectively. Catlow et al. have 
plotted their phase shifts for several values of k, and to the accuracy 
with which we could read their graphs, our phase shifts agree with 
theirs. Dickinson has, for low k, fit his S wave phase shifts to the 
expression, 
60 (k) = 12 7 - 31.5 k 	 (II-13) 
which is in general agreement with our results. For the Peyerimhoff 
potential, also used by Dickinson, we obtain 6 0 = 37.469 radians at 
k = 6 x 10-3 a.u. compared with 6 0 = 37.51 radians calculated using 
equation (II-13). 
We have, therefore, tested our phase shift routine for several 
totally different interactions and are satisfied as to the accuracy of 
our subsequent results, which have all been calculated to a convergence 
tolerance of 10 -3 radians. 
Ion-Neutral Phase Shifts  
Consideration of the relationship between the scattering phase 
shift as a function of angular momentum and the effective interaction 
potential can yield valuable insight into the phase shift treatment of 
the scattering problem. The parallel consideration of the phase shift 
for a given angular momentum as a function of energy is also enlightening 
but will not be treated here (see, for instance, Child
(6) ). 
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As a starting point, we note that attractive interactions will 
produce positive phase shifts and repulsive interactions negative phase 
shifts, as illustrated by the positron-hydrogen and electron-hydrogen 
phase shifts of Tables IV. 'For-an ion-neutral interaction with both 
attractive and repulSivebranche the sign of the phase shift will 
depend on which branch: of the Interaction is dominant (see Figures 3-7). 
For large angular momenta, the phiSe shift will approach zero, 
corresponding to the diminished effect of the. interaction at large impact 
parameter. The phase shift will always approach zero through positive 
values, however, due to'the long range polarization (attractive) inter-
action, characteristic of ion-neutral interactions. At high energy, the 
repulsive branch of the interaction' will dominate the S-wave scattering, 
resulting in a negative S-wave phase shift. Since the phase shift must 
approach zero for large angular momenta through positive values, there 
must exist a maximum in the phase shift: versus 2. This maxima can be 
related semiclassically to the forward glory found in classical scatter- 
ing C41). In addition to the maximum in the phase shift, there also 
exists an inflection point, to the right of the maximum, where the 
phase shift begins to flatten out as it approaches zero. This inflection 
also has a semiclassical link to a classical scattering phenomena, 
rainbow scattering (41). With decreasing energy, the S-wave phase shift 
increases, becoming positive as the attractive portion of the interaction 
becomes dominant. The presence of the maximum and inflection point in 
the phase shift persists, however, to very low energies. 
As the energy is decreased, discontinuities appear in the phase 
shift. These discontinuities are very close to 7 radians and are related 
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k = .0096 
Phase Shifts (7 radians) 
k = 	.1 k = 	.5 k = 1.0 	k = 4.0 
0 7.133 6.296 4.432 3.022 -1.811 
1 1.25E-2 7.030 6.593 4.847 3.464 -1.336 
2 3.75E-2 (*) 6.006 6.653 5.175 3.849 -0.885 
3 7.50E-2 6.002 6.316 5.412 4.174 -0.459 
4 1.25E-1 5.001 6.086 5.551 4.438 -0.058 
5 1.87E-1 5.000 (*)5.054 5.583 4.638 0.318 
6 2.61E-1 5.000 5.031 5.491 4.769 0.669 
7 3.48E-1 4.000 4.020 5.259 4.826 0.994 
8 4.46E-1 4.000 4.0]L3 4.644 4.803 1.293 
9 5.56E-1 3.000 3.010 4.298 4.693 1.565 
10 6.78E-1 3.000 3.007 (*)3.205 4.470 1.810 
11 8.12E-1 2.000 2.005 3.147 4.045 2.028 
12 9.59E-1 2.000 2.004 2.111 3.575 2.217 
13 1.119 2.000 2.003 2.086 (*)2.436 2.376 
14 1.291 1.000 :1.003 1.068 2.315 2.504 
15 1.475 1.000 1.002 1.055 1.245 2.600 
16 1.672 0.002 1.046 1.196 2.663 
17 1.882 0.002 0.038 0.161 2.690 
18 2.106 0.001 0.032 0.134 2.677 
19 2.345 0.001 0.027 0.113 2.623 
20 2.602 0.001 0.023 0.097 2.524 
21 2.886 0.001 0.020 0.083 2.318 
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Figure 3. Li + - He Phase Shifts (k = 0.00962 a.u.). 
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Figure 5. Li + - He Phase Shifts (k = 0.5 a.u.). 
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Figure 7. Li - He Phase Shifts (k = 4.0 a.u.). 
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to the existence of virtual states in the effective potential (42) . The 
effect of increasing the angular momentum by one unit is to produce a 
narrower and shallower well in the effective potential which, in turn, 
may reduce the number of nodes in the wave function, in the well 
region, by one, thus introducing a discontinuity of 'IT in the phase shift. 
From Table VI, we see that no discontinuities of If occur in the phase 
shift until the relative energy lies below a maximum in the effective 
potential, making resonant tunneling to a virtual state possible. 
Indeed, if the relative energy is higher than the maximum in the effec-
tive potential for all -E. as for k = 4.0 a.u. (no maxima occur for 
1 > 21), there are no discontinuities of 7 in the phase shift. 
As an illustration of the general characteristics of ion-neutral 
phase shifts, the data'in Table VI is displayed in Figures 3-7. 
Cross Sections 
The general behavior of quantum mechanical cross sections and 
their relationship to the corresponding classical ones has been dis-
cussed in great detail in the literature for a Lennard-Jones inter- 
action - (36-38) . These studies were conducted as a function of the 
reduced de Broglie wavelength of the system 
A* 	h - 
a 21.16 
(where h is Planck's constant, 1.1 the reduced mass, and a and c the hard-
cote radius and well depth of the Lennard-Jones potential), the result 
being to effectively vary the degree to which the system could be 
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considered "quantal", e.g., A* = 0 corresponds to a purely classical 
system while All' = 2.67 is the reduced de Broglie wavelength of the 
strongly quantal helium system. Our results are in good qualitative 
agreement with these studies. 
As a first step we shall consider the general behavior of 
classical and quantal cross sections, using our results for the Li + - 
He interaction of Catlow et al. ) and the H - He interaction of Weise 
et al. C22) as examples. We will then discUss our results for the H
+ - 
rare gas systems and attempt to point out the effects of differences in 
interactions for a given system on the diffusion cross section. The 
set of cross sections which we shall use in our discussion are shown in 
Figures 8 and 9, where they are referenced to low energy asymptotic 
cross sections (dashed lines), calculated using the assumption that for 
low energies, only the long range polarization tail will significantly 
affect the scattered particle. The Schiff-Laudau-Lifshitz approximation, 







is the result of this assumption for the elaitic cross section, while 
we have chosen the classical result, 
for the diffusion cross sections while noting that other approxima-
tion (1, 32) lead to slightly different results. 
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Classical Cross Sections 
The divergence of the classical elastic cross section as a re-
sult of a finite scattering angle for large impact parameter does not 
carry over into the classical transport cross sections due to the 
suppression of small angle contributions by the characteristic (1 - 
cost()) factor. We have found, in fact, that the classical transport 
cross sections, while unable to reproduce all the details of the correct 
quantum mechanical cross sections, can yield useful and surprisingly 
accurate results, particularly in the case of small A* as predicted by 
Munn et al. (36) 
At low energies, orbiting, arising from the attractive potential 
well and long range polarization tail, is the dominant feature of the 
classical transport cross section for ion-neutral systems (1) . In 
Figures 8 and 9, the classical diffusion cross section is plotted along 
with•the results obtained from equation (II-16) for the Li
+ 
 - He and H
+ 
- He systems, respectively. These results are indistinguishable for 
very small relative energies, showing the validity of the approximation 
leading to (II-16). As the 'relative momentum of the particles is 
increased, the influence of the potential well is observed as a devia-
tion of the classical diffusion cross section above or below the low 
energy asymptote depending on whether the true interaction is stronger 
than the polarization interaction, as in the case of H + - He, or weaker, 
as in the Li + - He case, in the region of transition from the potential 
well to the long range tail. 
Shifting our attention to higher relative momenta, the orbiting 
limit, k = 2.886 a.u. and k = 6.451 a.u. for the Li + - He and H
+ 
- He, 
1 0 6 10 5 
10 2 
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Figure 8. Li* - He Cross Sections; quantal ( 	),  
classical (_o o ), asymptotic (----), and 
calculated values of Catlow et al.( 9 ) (k). 
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Figure 9. H - He Cross Sections (Weise interaction); 
quantal ( 	), classical (—e—e--), and 
asymptotic (----). 
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respectively, is reached. This limit marks the transition from a 
discontinuity in the scattering angle as a function of impact para-
meter, orbiting, to a minimum in the scattering angle, the rainbow 
angle. Rainbow scattering results in an infinite differential cross 
section which "can have a large or small effect on the transport cross 
sections depending on the angle at which it occurs, because of the 
weighting factors (1 - cost0)." (36) The rainbow angle is always 
negative, having its largest negative value just above the orbiting 
limit and decreasing rapidly in magnitude toward zero with increasing 
relative energy. "The net result is an undulatory behavior in the 
transport cross sections until the energy is high enough that the 
rainbow becomes less than ,7.andcontinues to decrease as E is increased, 
whereby the (1 - costa) factors quickly damp out the undulation." (36) 
This general behavior is observed in Figure 8 as a gentle undulation 
in the diffusion ,and viscosity cross sections above the Li + - He orbiting 
limit, k = 2.886 a.u., and drathatically in Figure 9 as sharp undulations 
in the transport cross sections just above the orbiting limit, k = 
6.451 a.u., followed by:a-rapid decrease in the cross sections as the 
high energy, small scattering angle, regime is reached. 
. 
Quantal Cross Sections (4
+ 
 -.He and H  -„He) 
Unlike the classical case, both the quantal elastic and trans- 
port cross sections are finite for all physical interactions with the 
exception of the coulomb potential, for which classical and quantum 
mechanics yield the same divergent elastic cross section. The finiteness 
of the quantal elastic cross section can be explained by noting that, 
for large impact parameters, the deviation of the trajectory of the 
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scattered particle from a straight line will be smaller than the 
uncertainty in its original direction of motion. Under these circum-
stances, it is impossible to detect the occurrence of a scattering 
event, i.e., the contribution to the total cross section from large 
impact parameters will be zero, alleviating the problems encountered 
in classical scattering theory. 
The characteristic low energy oscillations of the quantal cross 
sections about the classical in Figures 8 and 9 are a result of the 
discrete nature of the quantal angular momentum. At very low energies, 
these oscillations can be very rapid and quite large due to the small 
number of terms involved in the phase shift sum and the 1/E dependence 
of the cross section. As energy is increased, these oscillations will 
decrease in magnitude and frequency until, as larger and larger numbers 
of terms contribute to the phase shift sum, the quantal and classical 
transport cross sections will become indistinguishable, as shown by 
Mott and Massey (42) . Munn et al. (37)  have noted that the agreement, 
"in the mean", at low energy between classical and quantal transport 
cross sections is dependent on the redUced de Broglie wavelength of the 
system. Both the Li
+ 
- He and H
+ 
- He systems have small de Broglie 
wavelengths, A* ti  .44, and show very good agreement between classical 
and quantal results as compared with the results of Munn et a1.
(36)  and 
Imam-Rahajoe et al.
038) for Lennard-Jones potentials and larger A*. 
As in classical.scattering, orbiting plays an important role 
in the behavior of the low energy cross section, however, quantal 
orbiting is modified by the discretenature of the angular momentum, as 
mentioned previo4sly, 'and by barrier penetration. This latter phenomena 
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removes discontinuities associated with the maximum in the effective 
potential found in semi-classical treatments, and affects the size, 
shape, and location of the oribiting oscillations. (37)  Barrier pene-
tration can also result in the absence of a peak which would be expected 
(37) from a semi-classical analysis. 
Superiliposed on this structure are oscillations arising from 
the quantal analogue of.glory scattering. The classical deflection 
function can be related to semiclassical phase shift by the relation, 
2 d6 	asx(b) = Tc- ca 	dTT 
where b is the impact parameter, k the wave number, and 2. the angular 
7 momentum. Thus, a slope of 0 or + T i n the semi-classical phase shift 
versus would correspond to a scattering angle of zero or 7, a forward 
or backward glory. Treating the quantal phase shift versus angular 
momentum as a continuous quantity, despite its true discrete nature, 
analogous behavior is observed. The effect of glory scattering on the 
elastic cross section is dependent on the value of the phase shift in 
the vicinity of the glory. 
In the case of a forward glory, since the phase shift varies 
slowly with 	several terms in the phase shift sum may make approximately 
the same contribution. As the phase shift in the vicinity of the glory 
7 
changes through odd and even multiples of T with increasing energy, 
these contributions can become either very large or quite small. The 
result is an undulation of the elastic cross section versus energy. The 
effect of a forward glory on the transport cross sections will be quite 
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small since the transport cross sections depend only on phase shift 
differences. 
As the relative energy is increased above the orbiting limit, 
the repulsive branch of the interaction becomes more important, and the 
phase shift becomes negative for small angular momentum. The attractive 
nature of the effective potential for low t is reflected, however, in 
a positive maximum in the phase shift versus L. This maximum (forward 
glory) decreases in value but broadens as energy increases. As before, 
the elastic cross section undulates as the broad maximum passes through 
odd and even multiples of 2. The transport cross sections also exhibit 
gentle undulations in this region, however, these rapidly die out as 
the phase shift differences decrease. 
Rare Gas Diffusion Cross Sections  
A detailed comparison of the proton-rare gas diffusion cross 
sections, shown in Figures 10 and 11, for each pair of interactions is 
difficult, at least, due to their complex structure. Similarities are 
observed in the loiq energy oscillations, but no one to one correspondence 
can be made. In fact, the long range interactions, which dominate the 
low energy,,small angdlar momentum (.. = 1 or 2) scattering, are identical 
for each pair of interactions leading to identical maxima in their 
effective potentials'. The differences in the cross sections must then 
arise from detailed variations of the. interactions in the vicinity of 
the potential well. These variations in the well region are observed 
most dramatically, however, for energies near the orbiting limit, (k = 
1 - 20 a.u.). From Figure 12 we see that the interactions of Weise 
et al. 022) for if - He and if - Ne systems are more attractive than 
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Figure 12. H - Rare Gas and Li 4' - He interactions; 
Weise , interactions(21,25 ) 	), 
Peyerimhoff( 21 ), Klingbeil 24), and Rich 
et al.(25) interactions ( 	o o ), and 
Catlow et al.( 9 ) interaction (----). 
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those of Peyerimhoff (21)  in the well region, leading to a higher cross 
section (as expected) iii the range k = 3 - 20 a.u. in Figure 5. Similar 
observations can be made in the cases of the 1-1 4. - Ar and 1-14. - Kr systems 
- for although the Weise el al. (22)  interactions are slightly deeper than 
their counterparts, they are narrower over the well region and thus exert 
their influence over a smaller range of r. The results are cross sections 
which lie below those obtained for the Klingbeil and Rich et al. inter-
actions in the energy region dominated by the potential well. 
In all cases, the cross sections tend to converge at high energy 
despite large differences in repulsive cores. This is reconciled by 
recalling that large numbers of terms will contribute•to the phase shift 
sum at high energy and noting that the centrifugal barrier will rapidly 
mask any variations in interactions. 
Mobilities  
Carrying out the procedures outlined in Chapter I, we have 
calculated the quantal and classical collision integrals and mobilities 
for the eight proton-rare gas interactions of Weise et al.
(
-2 2, 23) (H+ 
- He, Ne, Ar, Kr), Peyerimhoff (21) (H+ - He, Ne), Klingbeil (24) (H" - 
Ar), and Rich et al. (25) (H+ - Kr), and for the Li
+ 
- He "Catlow 
potential". ( 	In addition, the nine interactions of Gordon and 
Waldman (27) , (Li+ , Na+ , IC+ - He, Ne, Ar) were used in a classical 
calculation, quantal results being obtained for the K + - He and K+ - Ne 
systems only. In view of the good agreement between the quantal and 








 - Ne), full quantal calculations for the 





- Rare Gas 
The averaging procedure which produces the collision integral 
(equation (I-2)) effectively "samples" the collision cross section 
through the weighting function, (Tzr) 2 -E/kT e 	which has its maximum value 
at E = 2kT. For low temperatures the weighting function will be very 
narrow and confined to low energies, while as the temperature is 
increased the maximum will shift to higher energies and the distribution 
will broaden. Thus, the large low energies oscillations in the 
diffusion cross section may propagate into,:, the collision integral, and 
hence the mobility, when the width cif weighting function is comparable 
to the wavelength of the oscillation. At higher temperatures, the 
broadened weighting function will "sample" several such oscillations, 
which will tend to' cancel one another, and produce a smooth average. 
This averaging procedure is simply a reflection of the transition to 
the region where the classical approximation is valid, and importance 
of the individual oscillations in the cross section becomes secondary 
to their average value. 
This transition is readily apparent in the quantal mobilities 
for the H
+ 
- He and H
+ 
- Ne systems, Figure 13 and Table VII. The 
quantal mobilities oscillate about the classical at low temperatures, 
but the oscillations quickly die out as the temperature is increased. 
The maximum at T = 8 ° K in the H
+ 
- He mobility calculated from the 
Peyerimhoff interaction (dashed line) can be related to a minimum in 
the diffusion cross section at k 0.4 a.u. while the maximum in its 
counterpart, from the Weise et al. potential, at T = 40 ° K (solid line) 
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Figure 13. H - Rare Gas Zero Field Reduced Mobilities. Weise interactions; 
quantal ( 	) and classical 	 Peyerimhoff, Klingbeil, 
and Rich et al. interactions; quantal (----) and classical 
Points; calculated (Dickinson( 10), e) derived (Ellis et al.( 48 ), +), 
and experimental (McFarland et al. ( 41 , 1 ; Orient( 46 ), A; 
Orient(47 ), 
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Table VII. 	- He Mobilities 
 











1 , 	34.13 34.09 31.91 48.46 
5 34.22 34.18 35.18 34.55 
10 34.26 34.27 36.25 33.38 
25 34.32 34.42 34.20 34.49 
50 34.25 34.45 33.73 34.93 
100 33.88 34.06 33.57 33.76 
150 33.46 33.42 33.27 32.93 
200 33.07 32.69 32.91 32.19 
250 32.70 31.95 32.57 31.51 31.0 	(297 ° K) 
300 32.37 31.25 32.24 30.88 31.8 
350 32.06 30.60 31.95 30.31 30.9 
400 31.78 30.01 31.69 29.78 30.6 
500 31.28 28.97 31.25 28.87 30.0 
600 30.85 28.10 30.88 28.09 29.7 
700 30.46 27.39 30.55 27.43 
1000 29.56 25.72 29.77 25.85 
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k ti  0.9 a.u. Also displayed in this diagram are several points taken 
from a calculation by Dickinson (10)  , using an interaction also based on 
the work of Peyerimhoff, and various experimental values (45-48) . The 
present work agrees quite well with the low temperature values of 
Dickinson, but shows a marked disagreement above 100 ° K, in particular, 
we do not find the peak at 110 ° K pointed out by Dickinson. This was a 
point of much concern, but after a close scrutiny of the cross section 
in the region around k = 1.5 a,u. and a comparison of the oscillation 
2 
in question to the weighting function, coa e E 	-E/kT , centered at T = 
110° K, we have concluded that:.; 1Y-the wavelength of the oscillations in 
the cross section near k = 1.5 a.u. is small compared to the extent of 
the weighting function, and2) the size of the neighboring maxima is 
sufficient to cancel the minima at k = 1.5 a.u. Although our interaction 
and that of Dickinson are both based on the work of Peyerimhoff, they 
are not identical, poSSibly explaining the observed discrepancy in 
mobilities. We do note, however, that while neither the Weise et al. 
nor Peyerimhoff interaction yields a mobility in close agreement with 
experiment, our curves do lie closer to the measured values than that 
of Dickinson. 




- Ar, and H
+ 
- Kr systems 
(Figures 10 and 11, and Tables VIII-X), we find progressively higher 
reduced masses, smaller reduced de Broglie wavelength, and better 
agreement at lower temperature between the quantal and classical 
mobilities. The result of the increased reduced mass is to broaden the 
weighting function and make the averaging procedure more effective at 
lower temperatures, thus tending to accelerate the convergence of the 
69 
Table VIII. El+ - Ne Mobilities 
Mobility (cm2 /volt - sec) 
Classical 	 Quantal 	 Experiment 
T Peyerimhoff Weise 
et al. 
Peyerimhoff Weise 	Derived 	Measured 
et al. (48) 
1 22.64 22.72 19.74 26.48 
5 22.76 22.90 23.60 22.65 
10 22.84 23.03 22.99 22.92 
25 22.97 23.23 23.05 23.17 
50 23.11 23.44 22.94 23.57 
100 23.27 23.64 22.93 24.06 
150 23.34 23.57 23.11 24.14 
200 23.35 23.33 23.22 23.93 
250 23.32 23.00 23.25 23.56 
300 23.27 22.63 23.22 23.13 22.3 	(273°K) 
350 23.20 22.25 23.16 22.69 22.1 
400 23.12 21.88 23.08 22.26 21.9 
500 22.94 21.17 22.90 21.50 21.6 
600 22.75 20.55 22.72 20.86 21.3 
800 22.38 19.54 22.36 19.84 20.8 








Mobility (cm2  /volt 
Classical 
Klingbeil 	Weise 	et al. 
- sec) 
Quantal 
Klingbeil 	Weise, et al. 
1 11.25 11.06 11.14 10.89 
5 11.48 11.20 11.59 11.27 
10 11.52 11.2 .6 11.66 11.32 
25 11.24 11.45 11.36 11.44 
50 10.64 11.72 10.72 11.77 
100 9.74 11.90 9.75 12.03 
150 9.16 11.78 9.11 11.92 
200 8.74 11.54 8.66 11.65 
250 8.42 11.25 8.32 11.32 
300 8.17 10.95 8.06 10.98 
350 7.96 10.66 7.86 10.67 
400 7.79 10.38 7.68 10.37 
500 7.52 9.90 7.42 9.87 
750 7.07 8.99 7.00 8.96 
1000 6.80 8.39 6.76 8.37 
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Table X. H4. - Kr Mobilities 
Mobility (cm
2
/volt - sec) 
Classical 	 Quantal 
T 	Rich. 	Weise 	 Rich 	Weise 
et al. et al. et al. et al. 
1 9.30 9.00 9.50 9.14 
5 9.61 9.16 9.66 9.23 
10 9.54 9.27 9.50 9.37 
25 8.93 9.54 8.09 9.60 
50 8.10 9.96 7.12 9.95 
100 7.12 9.90 6.68 9.70 
150 6.55 9.38 6.35 9.14 
200 6.17 8.84 6.07 8.64 
250 5.89 8.37 5.83 8.21 
300 5.67 7.97 5.64 7.86 
350 5.50 7.64 5.47 7.56 
400 5.36 7.35 5.34 7.30 
500 5.13 6.90 5.12 6.89 
750 4.77 6.17 4.77 6.21 
1000 4.56 5.73 4.57 5.78 
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classical and quantal approximations, as anticipated from the decreasing 
reduced de Broglie wavelength. Significant quantal deviations are 
present in the H+ - Ne mobilities up to T = 10 ° K, but only small 
deviations (1-2%) are observed in the H
+ 
- Ar and H
+ 
- Kr mobilities 
down to T 	1 ° K. 
As a final note, we point out the sensitivity of the mobility 
to differences in the pairs of interactions. This sensitivity is the 
basis of the direct determination method of Viehland and Mason (43) for 
inverting experimental mobility data to obtain ion neutral interactions. 
Li
+ 
- He Mobility  
The Catlow (9) potential has been the subject of an extensive 
study(33, 44)  with the goal of using experimental mobilities as a means 
of testing theoretical ion-neutral interactions, (see Appendix A)*. 
This study was made possible by the work of Viehland and Mason (49) which 
linked the mobility as a function of the gas temperature to the mobility 
as a function of E/N, electric field divided by number density, the 
basic experimental variable. 
The Li
+ 
- He system is well adpated to this type of study due to 
the exceptional agreement found between the classically and quantally 
calculated mobilities, less than 1% down to 3 ° K,'see Figure 14 and 
Table XI. Referring to the Li + - He diffusion cross section (Figure 8) we 
find that above k "-I; .5 a.u. (T ',;" 4.3 ° K) oscillations are small, differ-
ing from the classical . value by less than 1%. Coupling this behavior 
with the relatively large reduced mass of this system (2.54 a.u. as 
opposed to .805 a.u. for the H 4- - He system) which enhances the averaging 
*Appendix A is a reprint of reference 33. 


















 - He Zero Field Reduced Mobilities; Catlow et al. (9) 
interactions quantal 	and classical (o), tabulated 
values of Catlow et al.( 9) (A), experimental values of 
Akridge et al.( 51 ) ( ■ ) and Hoselitz( 52) (0). 
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Table XI. Li + - He Mobilities. 






Derived( 48 ) Measured (50) 
1 19.55 19.38 
5 19.64 19.71 
10 19.68 19.72 
25 19.84 19.85 
50 20.08 20.12 
100 20.55 20.60 
150 21.41 21.46 
200 22.57 22.64 
250 23.84 23.94 
300 25.13 25.23 22.9 23.1 
350 26.34 26.47 
400 27.47 27.61 25.0 
500 29.43 29.59 26.4 
600 30.99 31.16 27.5 
800 33.18 33.33 29.1 
1000 34.44 34.57 30.2 
1500 35.47 35.58 31.9 
2000 35.26 35.36 32.5 
3000 33.93 34.11 32.6 
5000 31.43 32.0 
10000 27.93 30.1 
15000 26.19 28.4 
20000 25.16 26.9 
25000 24.50 24.6 
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procedure, it is not diffiCult to see that to an excellent approximation 
the quantal effects can be ignored for this system. A similar result is 
found (44), for the Li
+ 
 - He potential of Hariharan and Staemmler. (31)  
Since much effort was directed toward accurately reproducing the 
Catlow potential (Section II-1), we were quite disturbed at finding that 
our diffusion cross section lies below the values of Catlow et al. (9) 
at all energies, resulting in a mobility which is 5-7% higher than that 
of Catlow et al. at all temperatures. Assuming that their interaction 
was faithfully reproduced and that our calculations are accurate, 
comparison with the experimental data of Akridge et al. (50)  would lead 
us to believe that the Catlow interaction is too "weak" in the region 
of the potential well and too repulsive in the region of the core (see 
Appendix A). The interaction of Gatland et al. (44) , produced by 
inversion of mobility data, and the interaction of Hariharan and 
Staemmler tend to support the first conclusion while the latter is 
supported by the beam scattering data of Inouye and Kita (51) , see 
Figure 15. 
Alkali Ion-Rare Gas Mobilities  
It was originally intended that both classical and quantal calcu-




i , Na, K - He, Ne, AR), for which the interactions of Gordon 
and Waldman (27) are available, but these calculations were carried out 
only for the K
+ 
- He and K
+ 
- Ne systems. The small differences found 
between classical and quantal values for these systems (see Tables XII 
and XIII) and for the Li - He "Catlow interaction", differences often 
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Figure 15. Comparison of the Short Range Interaction 
of Inouye and Kita( 51 ) Derived from Beam 
Scattering Data to the Short Range Portion 
of the "Catlow" Potential( 9 ). 
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300 20.89 21.04 21.5 
400 20.90 21.05 21.8 
500 20.61 20.77 21.7 
600 20.22 20.36 21.6 
800 19.35 19.47 21.1 
1000 18.54 18.65 20.5 
1200 20.0 
1500 16.92 17.02 19.3 
2000 15.78 15.87 18.2 
2500 14.92 17.3 
3000 14.25 16.6 
4000 13.28 15.3 
5000 12.59 14.4 
6000 12.08 13.7 
8000 11.36 
10000 10.87 
Table XIII. K - Ne Mobilities 
Mobility (cm 2/volt - sec) 
T Classical Quantal 
Experiment 



















300 7.41 7.44 7.43 
400 7.65 7.69 7.62 
500 7.77 7.81 7.75 
600 7.80 7.86 7.82 
800 7.72 7.84 
1000 7.56 7.78 
1200 7.69 
1500 7.08 7.53 
2000 6.65 7.25 
2500 6.31 6.98 
3000 6.02 6.72 
4000 5.58 6.28 
5000 5.26 5.94 
6000 5.01. 5.70 
8000 4.64 5.40 
78 
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on the order of the numerical accuracy of the calculation, led us to 
conclude that only the classical mobilities should be calculated for 
the remaining seven combinations. As these systems all have relatively 
large reduced mass and small reduced de Broglie wavelength (see 
Table XIV), the agreement found between classical and quantal calcula-
tion should not be unexpected. 
Parametric studies of the correlation between the mobility as a 
function of temperature and the interaction from which the data was 
calculated (1 ' 	3) * haVe piovided resu=lts 'useful in the study of 
ion-neutral interactions. FrouLthe discussion of these results by 
Gatland et al. (43) we draw the following conclusions; 
i 1) "The low temperature mobility is dominated by the long-range 
attractive polarization interaction and the high temperature mobility 
by the short range repulsion;" 
2) At some. intermediate energy, where the short range repulsive 
and long range attractive interactions serve to cancel each other, there 
will be a reduced cross section and thus a maximum in the mobility. 
3) This maximum "is dominated by collisions in which the 
characteristic ion-neutral interaction distance corresponds roughly to 
the value r ti  a, where V(a) = 0, or to r ti rm, where rm is the position 
of the potential minimum." 
4) The height and breadth of the maximum in the mobility will 
generally vary inversely to the "hardness" of the repulsive core of the 
interaction, i.e., a "hard", short range interaction will result in a 
*A. reprint of reference 53 is contained in Appendix C. 
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Table XIV. Reduced de Broglie Wavelengths. 
a 
(a.u.) (a.u.) (a.u.) A* 
H
+ 
- He Peyerimhoff 1.0 1466.945 .0714 .434 
H+ - He Weise et al. 0.92 1466.945 .0735 .465 
H+ - Ne Peyerimhoff 1.37 1748.779 .0813 .272 
H+ - Ne Weise et al. 1.3 1748.779 .0838 .282 
H
+ 
- Ar Klingbeil 1.739 1790.085 .1533 .154 
H+ - Ar Weise et al. 1.68 1790.085 .1485 .162 
1-1+ - 	 Kr Doverspike et al. 2.34 1814.302 .1714 	- .108 
H+ - Kr Weise et al. 1.82 1814.302 .1635 . .142 
Li+ - He Catlow 3.0305 4627.761 2.363E-3 .4433 




i 	- Ne Waldman & Gordon 3.13 9413.92 4.531E-3 .2173 
Li+ - Ar Waldman & Gordon 3.475 10749.125 1.132E-2 .1159 
Na+ - He Waldman & Gordon 3.936 6214.210 1.280E-3 .4002 
Na+ - Ne Waldman & Gordon' 3.964 19584.824 2.491E-3 .1605 
Na
+ 
- Ar Waldman E Gordon 4.402 26409.542 5.908E-3 .0808 
K+ - He Waldman & Gordon 4.737 6617.015 8.115E-3 .4048 
K+ - Ne Waldman & Gordon 4.846 24235.003 1.446E-3 .1549 
K+ - Ar Waldman & Gordon 5.084 35626.324 4.09E-3 .0724 
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small maximum while a 'softer", longer range repulsion will produce a 
higher and broader maximum. 
5) Addition ofattractiVe terms to the interaction, e.g., an 
ion-induced quadropole (inverse r to the sixth) interaction, will serve 
to reduce the MaXimum in the'mobility. 
6) In the limit of high temperatures, where the repulsive 
portion of the interaction is dominant, the mobility will decrease as 
T-( 1 /2)+(2/m) where m is the exponent of Cl/r) in the repulsive term of 
the interaction (1) . 
As an example of the use of these conclusions, consider the 
experimental and calculated mobilities of the e - He system in 
Figure 16. To the right of the maximum the calculated mobility lies 
below the measured, but has approximately the same temperature depend-
ence. This would indicate that the repulsive portion of the Waldman- 
Gordon interaction has approximately the correct slope, but is uniformly 
too strong, resulting in a cross section which is too large. The maxima 
in the calculated and measured mobilities occur at approximately the 
same temperature indicating that the minimum of the Waldman-Gordon 
interaction occurs at approximately the correct position, however, the 
calculated mobility lies below the measured value. This could easily 
result from the error in the repulsive core with no additional error 
in the well depth, but in the absence of information to the left of the 
maximum, such a conclusion is impossible. 
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The results of the remaining calculations are presented in 
Tables XV-XVII and Figures 16 through 24* along with experimental 
mobilities. Analysis similar to that presented for the K 4- - He system 
is possible for these systems (43) , however, in general the mobilities 
calculated from the Waldman-Gordon interactions are in good agreement 
with experiment leading us to conclude that these interactions are good 
representations of the true ion-neutral interactions. 
Conclusions  
At low relative impact.energies, the classical transport cross 
sections serve as a "mean" about which their quantal couterparts will 
oscillate.< These oscillations decrease in amplitude and frequency with 
increasing relative energy until; ab ove the orbiting limit, the quantal 
and classical cross sections become indistinguishable. While unable to 
reproduce the details of the correct quantum mechanical cross sections, 
the classical cross sections can yield useful and surprisingly accurate 
results, particularly in the case of small A* as predicted by Munn 
et al. (36) 
For most of the systems considered, the oscillations evident in 
the quantal diffusion cross sections were effectively averaged out in 
the calculation of the collision integrals. However, for the systems 
with very small reduced mass, H4- - (He, Ne, Ar, Kr), quantal effects can 
be observed in the mobility. The magnitude of these effects and the 
temperature at which they are observed, decrease with increasing reduced 
In 'Figures 16-24, the mobilities are referenced to Kpo l, the zero field 
reduced mobility arrived at using only the polarization interaction, 
Kpol = 36.03/ up cm 2/Volt-sec (p in a.m.u.), or Kpo z = 1538.29/ ap 
cm2/volt-sec (p in a.u.). 
Table XV. e - Ar Mobilities. 
T 

















300 2.70 2.67 
400 2.80 2.74 
500 2.90 2.85 
600 2.99 2.96 
800 3.16 3.09 
1000 3.28 3.18 
1500 3.45 3.29 
2000 3.48 3.32 
3000 3.41 3.24 
4000 3.29 3.18 
5000 3.17 3.10 
6000 3.07 3.03 
8000 2.89  2.90 
10000 2.76 2.79 
12000 2.52,' 2.57 
20000 2.38 2.41 
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Table XVI. Li± (He, Ne, Ar) Mobilities. 






















20 20.06 10.09 4.58 
50 20.35 10.23 4.62 
100 20.73 10.38 4.66 
150 21.34 10.49 4.69 
200 22.21 10.62 4.72 
250 23.22 10.80 4.74 
300 24.25 22.9 11.03 10.6 4.76 4.59 
400 26.27 25.0 11.58 11.4 4.80 4.64 
500 27.96 26.4 12.17 12.0 4.85 4.72 
600 29.37 27.5 12.74 12.5 4.92 4.82 
800 31.35 29.1 13.80 13.2 5.11 5.04 
1000 32.53 30.2 14.64 13.7 5.33 5.26 
1500 33.55 31.9 16.00 14.5 5.91 5.71 
2000 33.38 32.5 16.59 14.9 6.45 6.08 
3000 32.17 32.6 16.79 15.2 7.24 6.60 
4000 30.94 32.4 16.50 15.1 7.72 6.86 
5000 29.89 32.0 16.09 15.0 7.99 7.03 
6000 29.00 31.6 15.67 14.8 8.14 7.15 
8000 27.65 30.9 14.93 14.4 8.20 7.29 
10000 26.68 30.1 14.33 14.1 8.15 7.31 
15000 25.17 28.4 13.25 13.5 7.86 7.15 
20000 24.32 26.9 12.55 7.57 6.91 
25000 23.81 24.6 12.05 7.33 
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Table XVII. Na - (He, Ne, Ar) Mobilities. 
Mobility (cm
2
/volt - sec) 
T 
Na+ - He 
Theory 	Experiment 
Na+ - Ne 
Theory 	Experiment Theory 
- Ar 
Experiment 
20 17.59 7.00 2.96 
50 17.92 7.05 2.99 
100 18.75 7.13 3.03 
150 19.95 7.26 3.06 
200 21.10 7.46 3.08 
250 22.10 7.71 3.10 
300 22.89 2'2.6 7.96 8.16 3.13 3.07 
400 23.92 24.0 8.44 8.69 3.20 3.15 
500 24.43 24.7 8.83 9.02 3.30 3.23 
600 24.58 25.2 9.14 9.23 3.40 3.31 
800 24.40 25.8 9.53 9.48 3.60 3.46 
, 
1000 23.88 26.0 9.72 9.61 3.80 
1500 22.42 25.6 9.72 9.64 4.13 3.84 
2000 21.14 25.0 9.46 9.53 4.32 3.99 
3000 19.28 23.7 8.85 9.22 4.44 4.13 
4000 18.00 22.5 8.33 8.90 4.40 4.17 
5000 17.08 21.4 7.91 8.58 4.32 4.15 
6000 16.37 20.5 7.56 8.29 4.21 4.10 
8000 15.34 19.1 7.04 7.77 4.01 3.99 
10000 14.63 18.0 6.65 7.32 3.84 3.89 
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mass. For all of the other systems considered, quantal and classical 
calculations agreed remarkably well. It is to be noted that the reduced 
de Broglie wavelength, A*, was less than 0.5 for all of these ion-rare 
gas combinations, which thus qualifies them as "classical molecules" 
under the criteria established by Munn et al. (36)  
The ability of an interaction potential to reproduce measured 
zero field mobilities is a good test of the interaction over a wide 
range of ion-neutral separations. In the case of the Catlow (9)  inter- 
action (Li
+ 
 - He), discrepancies between calculated and measured 
mobilities lead us to the conclusion that the Catlow interaction is too 
weak in the region of the potential well and too repulsive in the 
neighborhood of the core. Similarly, discrepancies between experimental 
mobilities and those calculated from the interactions of Gordon and 
Waldman (27) can be interpreted as deficiencies in specific portions of 
their interaction potentials. 
PART II 
Excitation in Electron-Metastable Helium Collisions 
97 
CHAPTER III 
EXCITATION IN ELECTRON-METASTABLE HELIUM COLLISIONS 
Introduction  
The Born Approximation  
Even for very simple systems, the exact description of a 
scattering event can become quite difficult and expensive. Simplifying 
assumptions are therefore made in order to make the treatment of 
collisions feasible without the application of brute force techniques, 
e.g., the ab initio calculation of wave functions for the colliding 
system. 
The simplest of these approximations, the Born series, has been 
used extensively and gives reliable results for large relative energies., 
As a starting point consider the Lippmann-Schwinger equation for the 
T-matrix operator, 
T = V + VG
oT 
where V is the interaction and G o is the free particle Green's opera- 
(5 tor. 4)  - - An iterative solution may be constructed by repeatedly 
inserting this expression for T into the right-hand side of the 
equation to obtain 




T = V + E (VG0) 1V 	 (III-3) 
i=1 
which is known as the Born series. Alternately, we can consider the 
Lippman-Schwinger equation for the "incoming" or "outgoing" scattered 
wave function 
+ 	+ 
T- = 	+ G- V T- OL a 0 a 
where 1)a represents a plane wave and the free particle Green's operators 
+ 	. 
G; are defined by 
_ 	 1  G ; = lim 	 (III-5), 6,0+ E - Ho  is 
where Ho is the free particle Hamiltonian. Again seeking an iterative 
solution of the Lippman Schwinger equation, we obtain 
03 
T- = (I) + .E, (GV) a 	a 	E l 0 	a 
(III-6), 
the Born series for the scattered wave functions. 
There is a difficulty, however, which arises in the application 
of the Born series. The 1st Born, or simply the Born approximation, 
involves only the first term on the right-hand side of equations 
(111-3 or 6), such that the T-matrix obtained is, 
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T = < 	I V 1(1,  
13 a 
(III-7), 
where (I)a and (1) are plane waves. Thus the 1st Born assumes that the 
form of the projectile wave function is not affected by the interaction 
with the target, although its momentum vector may be altered in direction 
and/or magnitude, i.e., ka k 	This approximation improves with 
increasing relative energy, however, for low energies the Born cross 
section will generally exceed experimental values by a factor of two or 
three. In an attempt to overcome this problem, higher order terms in 
the Born series may be calculated, but this approach also leads to 
difficulty since; (1) for all but the weakest of interactions, the Born 
series will converge slowly if at all, and (2) the higher order Born 
terms increase rapidly in complexity making them very difficult to 
handle. 
The Distorted Wave Born Approximation 
An extension of the Born series arises when the potential, V, 
can be broken up into an interaction, V A , for which the scattering 
problem can be solved exactly and an additional interaction, V B , i.e., 
V = VA + VB 
	 (III-8). 








describing the scattering by VA alone, where Go is again the free 
particle Green's operator and G A is defined by 
G±A  E liM r 	1 
o+
E-Ho-VA ± ie 
( II I- 1 0 ). 
Taking xa as the incident state for the interaction V B' we can write 
the full scattering solution, T a , as 
+ 	+ 	+ 	+ 
T = x- + GVBT-  a a Aa
 
( III-11). 
Equivalent forms of equation (III-11) are 
Ta  - = [1 + G
+













Ta  - = [I + G- (VA+VB Qa 
 
(III-13). 
Combining equations (III-9) and (III-12a), we obtain 
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T-a  = [1 + eVB [1 + GA V A] 0a (III-14), 
which shows explicitly that we are considering a plane wave which is 
influenced first by the interaction VA and then by VB . 
The T-matrix for this situation can be shown to be (55) 
1 	+ 
T 	< (1' I VA I Xa 	Y- I V IT+ > 13a -a 	B 	a (III-15). 
Substituting (III-12) into (III-15) and retaining terms through 1st 
order in V B, we obtain the Distorted Wave Born Approximation, 
T
DWBA 
13 = < 0 IVA IX10-L 	4IVR IX(1 > f3a  (III-16). 
For applications of the DWBA and its extension to the multichannel 
problem, see Taylor (54) or Schiff (5) . 
The VPS* Approximation  
It has been pointed out by Vainshtein et al. (56)  that for 
electron-atom collisions the above approximations tend to focus on the 
attraction of the incident electron by the screened nucleus, while the 
interaction of primary importance in excitation and ionization is the 
repulsion between the incident and atomic electrons. These authors 
have presented an approach to electron-atom collisions in which this 
later interaction has been brought to the fore. It is our purpose here 
*L. Vainshtein, L. Presnyakov, and T. Sobel'man. 
102 
to briefly review their model, which has been tested for the case of the 
excitation of hydrogen by incident electrons with excellent results, 
and to then show its validity in the case of e - He collisions and to 
apply the VPS approximation to this system. 
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CHAPTER 'IV 
REVIEW OF THE VPS APPROXIMATION 
Basic Approximation 
As a starting point for our discussion consider the Schroedinger 
equation for the collision of an electron and a hydrogen atom, 
1 2 	1 2 	1 	1 	 -+,r2) = 0 	(IV-1) 
1 
T v i + -2- v 2 + r  	+ E To (r i 
1 2 11.-r1 
4 
where, r 1 is the position vector of the atomic 
_ - position-vector of the incident electron. The 
4 
electron and r2 is the 
4 4 
wave function T o (rr2) 
is the solution of (IV-1) satisfying the boundary condition, 
4 4 	 ik4 4 
2 
To 1  Cr,r÷)  r 2 -*co 
0 
 o 1 
(r÷)eiko' r2 + fm(04)0 (r÷) 
e 
r 	
(IV-2) ÷2 	1 
m 
 
where 0m1  (r ) are the unperturbed atomic wave functions. 
We now seek a solution, T o , of the form 
4 4 	4 	4 4 
To (r i ,r2 ) = 00 (r i ) g(r i ,r 2) (IV-3) 
where the function g(rI,r2) will explicitly describe the interaction 
between the incident and atomic electrons in the field of the nucleus. 
Substituting this function 
1 	2 1 
	
0 Cr-) [— V 	+ 7z. o 	1 2 1 	2 
+V10 Cr-Ti. 1l  g(r4o 	1 




7. "1 	0 
into equation (IV-1) 
2 







- r2 1r -r 	I 2 1 
'2 r÷) = 0 
fact that, 
o (r+) = 
Rearranging CIV-4) and introducing the variables, 
R 	CL:++r+) 2 	2 	1- 
1 
(r2 -r1 ) 
which are the position vectors of the center of mass of the electrons 
with respect to the nucleus and the incident electron with respect to 
the center of mass respectively, we obtain, 
[




1 	2 	p" 1 ,encD 
 o 1 
(1 4) 	t R  ng(;,) - 	 (IV-9) 
At this point, Vainshtein et al. introduce what they term their 
"principal assumption" and set. (I) equal to zero making the function 
g(;, ), the solution of the left hand side of equation (IV-8), i.e., 
[1 2 	1 	1  VR + vp2  + - 1 —p + ko go (IV-10). 
If we now introduce parabolic coordinates, the solution of 
(IV-10) can be easily found to be (see Schiff (5) ), 
= F(iv,l,ik 	 p-ik÷4)(IV-11) o o 	 o 	o 
_ 1 where v = 	, the functions F are the, confluent hypergeometric 
functions, and N is the normalization factor, 
N = Ir(1+iv)1 2 	 (IV-12). 
Using equations (IV-3) and (V-11), we obtain our solution, 
4+;) F(iy,l,ik +4) T o (rl ,r2 ) = o (r1 e 	 oR-ik o 
(IV-13) 
V(ri ,r2 ) 	4.1 	
1r2 -1 1 1 
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which we substitute into the expression for the cross section of the 
transition between states .o and m, 
km 	 , 	, i1c4". 	 1 
- 2 dO(04) < )e m V r 21 , ÷ IT (r÷, ÷)>I (IV-14) a om 	 lw 1 1









2 J 	<tm (r1 )eikm
• r
21V(r ,r )ITo  (r 1 z 
4- 
(IV-16) 
or, upon inserting (IV-13), 
4- 
*Z * 	 4. J = Nifdr1dr2 (Dm (r 1 )1)o (r1
4- 
 )V(r i
4. ,r2)e-ikm r2 eik-3. o-( ̀ FP'")  
(IV-17). 
Vainshtein et al. note that the 1/r 2 term in (IV-15) makes no 
contribution to this integral in the Born approximation and assume 
that such is the case here. Using this assumption along with the 
transformation, 
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dr-Idr; = - 8ed; 	 (IV-18) 
equation (IV-17) becomes, . 
4..‘ 1 
J=-8Nifed;c):1 (r401,0 (r2 j -fF e 	e 
(IV-19). 
We now introduce the notation 
F(±v,R) = 
and the Fourier transform of the bound state wave functions, 
* 	 1 
* 
-it-r 4- 




lt • r1 * c(t) = f dr+1 e 	(1) ml(r ) o (r1) (IV-20-b) 
such that, 
(v, R) 	2p 
F 	
F
( -v,P) (IV-21) 
- 







Rearranging (IV-21) slightly, and making the change of variable, 
- 
this integral becomes, 
J -  8N3  Al(q-s)e 	F(v,R)E17-22111  
(27r) 
2p 
The integral over 
J1 E 	 F(v,R) 
is sharply peaked about = 0 (the integral has an inverse S depend- 
ence), and the function “4-1.) is assumed to be slowly varying near 
= 0, such that the error introduced by replacing ;(4- .) with i(-44) 
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in (IV-21) will be small. At this point:, Vainshtein et al. introduce 
an approximation which has been the source of much controversy in the 
literature (57-60) . The authors contend that the replacement of q by 
-q in the term, exp [ip-(2q-S)],, will ,to some degree ,compensate for 
for the "over estimation of the contribution of the - region S = q in the 
integral over S space." (58)  Using these approximations and noting that 
fcle i 	1  1 .., fdp"e - i; 	[e-124'; F (-v'P )  
(27)." 	 2p 
e 	F(-v,R)  2R (IV-24) 
(IV-23) becomes, 





This integral belongs to the class of integrals, 
1l•; 
I = Id; 	
e 
r F(ial ,l,ip ir-ip l •r) 
F(ia2 ,1,ip 2r+ip•r) 
	
(IV-26) 
which has been treated by Nordsieck (61) , who gives as the result, 
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I 	2n -oral f
Y' 	• 
a, ia1 , 
Y 
y+d, -ia2 	 ad - ftY  
a 
= — e 	1 	 F(1-ia1' ia2' a(y+S) 1 	) 	(TV-27) 
where F is now the hypergeometric function and where 
_ 1 	2 
a = 7 (S +X2  ) 
- iXp 2 
13 1 . 	UP]. - a ' 
and 
1- P1P2 	P1 .132 - 13 ' 
Using these results, (IV-26) can be found to yield, 
J = 4 	
n 
1■14) [ — e 	k- (q) 	2 ivF(iy,-iv,1,x)] (IV-28) 
where, 






and to is the excitation energy, 
(IV-30) AE E -1 (k 2 - k2m) 2  
(IV-31), 
Rewriting the normalization factor, N, in the alternate form, 
N = N* = Ir(1+iv)1 2 = 	71) sinh 7v 
and making use of the complex conjugate of (IV-28), 
(IV-34), 
where, 
7V f(v,x) = sinh 7V F(iv,-iV ,x) 
We now make use of equation (IV-20-b) 
fd 	 1(1.1'1 _ 
rl m (r 1 ) e 	
lq r11 
(1)0(r1) E <Thle 	o  1 
111 
J* = 4N*(1)*(q) 	2 [ elv (- -ivF(-iv,iv,1,x)] 	(IV-32), 
q 
we obtain from equation (IV'714), , 














to obtain the VPS approximation for the excitation cross section, 
k A-k o m 	 --)- + 
aom = 81r
2 	
r .4i m'ieici.r110 2 f.f(v,x)32 ko  k o
J 
 -km q 	 . 1 ' 	-, 
where x is defined by equation (IV-29). 
(IV-3 6 ) , 
Equation (IV-36) is simply the Born approximation with the 
addition of a multiplicative factor, [f(y,x)] 2 in the integrand, which 
is very small for ko << 1 and approaches one asymptotically with 
increasing k0 . Thus, the VPS approximation gives a result which lies 
below the Born cross section for small k o and approaches it with 
increasing k0 , a fact which is qualitatively satisfying since the Born 
cross section is generally too high at low energies. 
The reduction of the Born cross section is the direct result 
of having taken the electron-electron repulsion into account in writing 
the wave function for the scattered particle. In going from a plane wave 
to a Coulomb wave we have lowered the probability, for small k o , of 
finding the incident electron near the atom, thus, reducing the 
probability of a transition occuring, i.e. the cross section. With 
increasing ko' the Coulomb repulsion is gradually overcome, and the 
Born cross section is regained. 
Effective Charge  
Vainshtein et al. attempt to reduce the effect of the 
discarded portion of equation (IV-8), Q as defined by (IV-9), by 
introducing an effective charge in (IV-8) and then fixing the value 
of this effective charge in such a way as to cancel a portion of Q. 







where eo is defined by equation (IV-5), and as a solution to (IV-10) 
with the inclusion of the effective charge, equation (IV-11) with 
1  
v ko ko+ifEl; 
Exchange  
(IV-38). 
Account is taken of the exchange of incident and atomic 
electrons by interchanging the roles of r 1 and r 2 in equation (IV-13) 
to obtain, 
iko .(R+p) To (r2 ,r1) = 4)0 (r 2 )Ne 	F(iv,l,ik o 	o R-ik .R) 





Using (IV-39) in (IV-16), we obtain in place of (IV-16), 
.4- 	m 2 






Using the Fourier transforms 
9. 
, 	1 	4-  
(1)0 (r;J - (27)3 f dS e 	(1)0 (S) 
* -it•rI* 
m (r 1 ) 	
1 	
f e 	(DITI (t) 
(2ff) 3 
and the transformation, 
dr 1dr2 = -8dRdp (IV-43) 
where, 
114 
and again neglecting the core term in V(r -).
2 r+) '  equation (IV-41) 
becomes, 
115 
-8N 	-0- 	- 	1.(4. .1) 
J - 	 If fIdRd pdSdt Om (t) (S) el ex 6 (21-0 
	
, 	4- 	4- 4. 4. 
1 	
. p • (2k o -ci+s,-t) 
x F(v,R) -- F(-v,p) ,e 
2p (IV-44) . 
As noted previously, 	integration is sharply peaked about 
- s - t = 0, therefore replaCing •.MsI 	- t) we obtain • u u 
-1. -3- 
ex 





ip-(2ko-q-t) 	4- 1 e 	 .rdeiS.(P-R)  
however, 
1 	I ei.(;-) = 
(2Tr) 
3 
so we have, 
1 Jex = 





Vainshtein et al. here assume that,the major contribution to this 
integral arises from the small t such that the term e-2i114  may be 
neglected, decoupling the integrals. The R integral may be evaluated 
by the method of Nordsieck to give us, 
121C• -12 
JdR 	
1 1 	 F(-iv,iv,1) F(v,R) F(-v,R) e k 2 
0 
(IV-46) 
while the -t>. integral yields upon expansion, 
4- 	-4- 
* 	 ict•r2 it-(r 1 -r 2 ) 
fdt0 
m (t)0 o (q-t) = fildtdr 1  dr 2  c (r 1 )0o2 	e m  
	
4- 4- 	4- 	4. 4-
) iivr1 it.(r 1 -r 2 * 	4- 	4- 
= fdr1m(r 1 )1dr20o (r2 )e 	Jdte 
4. 
lqr i 
= (27) 3.rdrT0T)e 	r100 (r 1 ) 
or, 
fdt0 (t)0 (q-t) = (27) 3<mle
iq.r1 
 10> 4- 
' 	 o 	 r1 
(IV-47). 
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in agreement with Vainshtein et al. (56) 
The Status of the VPS Approximation  
As noted previously, portions of the VPS approximation have 
been the subject of a good deal of controversy in the literature. (57-60) 
 The main source of criticism is the replacement of 2q by -2q in 
equation CIV-23). Crothers and McCarrol (57) have noted that the 
formulation of the problem using the post wave function is formally 
equivalent to the treatment using the prior wave function, which leads 
to the VPS approximation, and makes the sign change of Vainshtein 
et al. unnecessary. This approach leads to a complex effective 
charge and a sharp maximum near threshold which in some cases may 
exceed the Born cross section by a factor of four or five. Both 
approaches appear to agree well with existing data (and each other) 
above 50eV although the VPS approximation is consistent with the data 
of Fite et al.(62-65) for the case e + H(1S)+ e + H(2p) for all 
energies. Crothers (59) has also pointed out that the direct 
application of the method of Nordsieck (61) to (IV-23) gives a result 
which exceeds the Born cross section at all energies, perhaps 
justifying the contention of Vainshtein et al. that the replacement of 
2q by -2q somehow compensates for the error introduced in the peaking 
approximation. 
Coleman (60) has reviewed both of:these approaches and 
summarized the problems and objections discussed above. He also 
points out the questionable nature of the peaking approximation (66) 
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which is used in both forms of the approximation, but rather than 
make any judgement as to the overall usefulness of the approximation, 
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EXTENSION OF THE VPS APPROXIMATION TO ELECTRON-METASTABLE 
HELIUM COLLISIONS 
Basic Approximation  
Having reviewed the VPS approximation in considerable detail, we 
will now consider the application ofthis method to e - He(2 1)3S) 
collisions. The Schroedinger equation for this system is 
,119 
    
  
;r2' 1.3 ) = 0 (V -4) 
  
    
where, 
and where, 
E 	—1 k2 	c: 2 o (V-2) 
describes the metastable helium atom. 
Since, for excitation, the interaction between the incident and 
excited electrons is of primary importance (56) , we shall attempt to take 
this interaction into account in writing the wave lunction for the 
incident electron. We will view the excited helium atom as a core of 
charge one, consisting of the nucleus and the 1S orbital electron, and 
a single orbital electron. In this approximation, the Schroedinger 
equation for the outer orbital electron becomes, 
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+ + etD(') (it-2 ) = 0 
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1 V 2 	2 + r 1 	r + + 
1 { 	 — 1  2 + 
1 
 V z 3 	 ÷ 1 	2 + 	Cr r ) = 0 o 	2' 3 	(V-5) i 
	
2 3 	r3-r2 1 
where T'o (r2  ,r3  ) must satisfy the scattering boundary condition, 
o 
ik •r 	 iknr3 , 
T' (r2 ,r3 r  ) --- (I)o )	"(r2 	
o e )e +Efn (6,q))(1)"n (r 2 ) 	r 3--K0 3 
If we 'seek a solution of the form, 
-0. 	-0. 	+' T'(r ,r ) = (1)(r )g(r o 2 3 	o 2 2 s 
(V-6). 
(V-7), 
the problem is identical in form to equations (1-3) of Chapter IV, and 
we therefore have as our solution, 
it .024) 
o23 ) = 0o"(-P. 2  )Ne ° 	F(iv,l,ikoo 	 o 	o . -p>) (V-8) 
where, 1 4-  R E T 	(r3tr2 ) (V-9), 
_ 	 -4- 
P 
1 
(I. -r2) 	 (V-10), 
2 N E ir(l+iv)1 	 (V-11), 
and 	 v E 1/ko 	 (V-12), 
as obtained in Chapter IV. Using equation (IV-36) we have for the 
excitation cross section, 
ko+kn
r2aon - 
87 	f 	1 <nle 	lo> r  -+ 1
2 
















as defined in Chapter IV. 
The form factor for electron:Lhelidm collisions is given by, 
2 i * 
dr2 On (r i ,r2 ) e 	'4)0 (r i ,r2 ) Fon (74) = j=1 
(V-16). 
If we approximate the initial and final helium wave functions by a 
product of single particle wave functions, 
(1)o (r l' r2 ) = (1)1S(r1) 1)a (r 2 ) 




where the 1S orbital'functions ,are assumed to be normalized to unity 
and the single particle wave functions for the outer electron are 
orthogonal for n ¢ o, equation (V,16) becomes, 




g) = f dr V (r 2 n 	 o, (r2) 
Or .÷ 






Substituting the helium form factor for the matrix element in (V-13) 
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we obtain, 
k+k o n 87 	da f 	I
▪ 
F (q)1 	[f(y,x)] 2 aon ko
2 ko-kn q
- 3 on • 
or, introducing the generalized oscillator strength, 
2(e 2-E0) 












Effective Charge  
The purpose of the introduction of an effective charge is to 
reduce the magnitude of the discarded portion of equation (V-5), (see 
Chapter IV). This equation and the portion which is discarded are 
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identical to their counterparts in the e - H system and we therefore 
conclude that, as before, the effective charge is given by 
k 
0 -  	 (V-22) 
ko+ 
where 6 is defined by equation (V-3). With the inclusion of an 
effective charge, the solution of (V-5) is given by equation (V-8) - 
(V-12) with 
v 	_ 	1  
o ko + 142-E 
(V-23) 
in equation (y-12). 
Exchange  
Account of the exchange of incident and atomic electrons involves 
the inclusion of spin functions in the wave functions for the system.* 
The metastable He (1S, nt) atom has both an antisymmetric, singlet spin 
state and a symmetric, triplet spin state. The spin functions for the 
e - He (ri 1 ' 3t) systems can be obtained by combining the spin function 
for the incident electron-with the singlet ancltriplet He (15, 25) spin 
functions (s) . For the e - He (n 1t) case the overall spin function is 
a partially-antisymmetric (the symmetry applies only to the atomic 
electrons), doublet spin'state, while in the e - He (n 3t) case the 
overall spin function can be either a partially-symmetric, doublet spin 
"A more detailed account is given in reference 67 (see Appendix D). 
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state or a symmetric, quartet spin state. The total wave functions for 
the system in the state a are given by, 
Cyclic 





a (1,2;3) = — 	E 	(Da
T 




- where (pa and (pa are the symmetric and: antisMmetric spatial wave functions 
for singlet and triplet helium, respectively, and F a (3) is the spatial 
wave function for the incident electron. These wave functions are now 
antisymmetric with respect to the interchange of any two electrons. 
With the inclusion of spin, the expression for the cross section 





doo (15)1 E E E 	<'1' (1 , 2.3) ` 1 V(r ' r ' r )1T0 (1,2;3> (V-25) 2ko 	
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s 1 s 2 s 
l 2 3 
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Using equation (V-24-a) in (V-25) and carrying out the indicated sums, 
we obtain for the singlet-singlet cross section, 
a1 ' 1 = - -J. cmcemlfs -gS 1 2 
0 
on 	k 	 on on (V-26-a) 
where fon is the direct scattering amplitude for singlet-singlet tran- 
sitions, 
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S 	-1 	S [05 (1) 
fon = Tir <(1)n (1 ' 2)Fn (3)117r .y o'---1'2P (3)  
and gon is the coriespondingieichane.amplituae, 
= -1 (1)1VIOS (1,2)F ,(3)> , 
gon 	ri L 	 o- 	o 
(V-26-b) 
(V-26-c). 
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—n 	c112(8 , cl)) 	
T 	T 2 2 +g + 	fT  - T 




 on 'on (V-27-a) 
where fo
T 
n is the direct scattering amplitude for triplet-triplet tran-
sition, 
cT 	-1 	T 
'on = 
<4011(1,2)Fn(3)1V1110(1,2)F0(3)> 
and gon is the exchange amplitude, 
T 	-1  
gon = 2.7 <071
T 
(3,2)Fn (1)1V100 (1,2)F 0 (3)> 
(V-27-b) 
(V-27-c). 
Applying the VPS approximation to equations CV-26) and (V-27) and using 
equation (IV-35) we eventually obtain 
k +k. 
a1,1 	87 o n d, 	2 	2 f 	_111F (sol f(y 	)-12 
ko o 
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As the energy of the incident electron is increased, f(v,x)+1 and 
equations (V-28) approach the result obtained by Ochkur (68) 
Additionally we mite that due to the-1/k 02 dependence of the exchange 
amplitUde, equations (V-28) also approaches (V-19) and thuS the Botn 
cross section at high energy. 
Results and Discussion  
Using the theory discussed above and the Rim factorS computed 
by Kim and Inokuti, (69) the excitation cross sections for the processes 
e + He(2 1 ' 3 ,S) 	e + He(n 1 ' 3 ,L) (V-29) 
' 	 -- where n 1 ' 3L represents the states 
21,3  P, 3 1 '3 S, 3 1 '3 P, 31 ' 3 	3 P D, and 4 ' , 
have been calculated as a function of incident electron energy E from 
threshold up to 500 eV. In Figures 25-a and 25-b we present the 2 1P 
and 3 1S cross sections calculated to within 1% accuracy, as for all our 
results, in the Born apprOxiMation, VPS approximation (equation V-21), 
VPS approximation with effective charge (equations V-21 and V-23), and 
VPS approximation with effettive charge and exchange (equations V-28 and 
V-23). These curves exhibit the typical behavior of the VPS approxi-
mations, i.e., the VPS approxiMation gives a result lower than the Born 
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cross section, the inclusion of effective charge raises the VPS cross 
section considerably (reflecting the incomplete screening of the nucleus), 
and the addition of exchange decreases this result slightly at low 
energies. 
The excitation cross sections in the Born approximation and the 
VPS approximation with effective charge and exchange are presented in 
Figures 26, 27, and 28. We have included the close coupling results 
of Burke et al. (70) in Figure 26 for comparison. In general, these 
results lie between the VPS and Born approximations (although the 
agreement is quite good in the 2 3P case) indicating that the VPS may 
provide a lower bound to the actual cross section, in counterpoint to 
the Born approximation. In Figures 27 and 28, we note that the cross 
sections for the optically allowed 2 1'3S - 3 1,3P transitions are smaller 
than those for the optically forbidden 2 1 ' 3S - 3 1 ' 3S, 3 1 ' 3D transitions 
at low energies, although the allowed transitions dominate at high 
, energies, as expected, due to their b-1  tnE dependence. The dip in the 
33P and 43P cross sections are a result of zeroes in the corresponding 
generalized oscillator strengths, however, Kim and Iuokuti (69) note that 
these effects may not appear in experimental cross sections due to 
effects not included in,the first, Born approximation. 
In conclusion, we have obtained the cross section for the 
excitation of metastable helium by ele tctron impact in two approximations. 
The Born approximation ignores the distortion of the wave function of 
the incoming electron, represehtint the'relative motion of target and 
projectile by a plane wave, resulting in a cross section which is an 
upper bound to the true cross section. The VPS 'approximation acknowledges 
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Figure 28. The e - He, Triplet-Triplet Excitation Cross 
Sections; Born (--•-) and VPS with effective 
charge and exchange ( ). 
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the importances of the electron-electron repulsion-.in excitation and 
incorporates this effect into the wave function for the relative motion 
of target and projectile. This motion is represented as the interaction 
of the incident electron and an atomic electron and the motion of their 
center of mass in the field of a "core", consisting of the nucleus and 
the remaining orbital electrons. This approximation seems quite good 
for e - H. collisions, as evidenced by the calculations of Vainshtein 
et a1. (-561 , however in the absence of experimental data its validity 
is difficult to assess in the e - He case. Since the Born and VPS 
approximations correspond to two extremes in the representation of 
projectile-target relative motion, the curves in Figures 26, 27, and 28 
may simply represent upper and lower hounds on the true cross sections 
for the excitation of metastable helium. 
	 ' 
PART III 
On the Use of the Massey-Mohr Approximation in 




Recently, a theoretical description of transitions in electron-
atom and heavy particle collisions at intermediate energies has-been 
introduced. (71) In the course of- the- development of his theory, 
Flannery has discussed the inclusion of simple approximations, among 
them the Born. We have subsequently found that the result obtained 
by. Flannery is=identical-to - one_obtained by Massey and Mohr (7) _in a 
somewhat different approach. We shall briefly indicate the authors' 
pertinent steps-leading to. their final results and demonstrate the 
- equivalence'of these results. 
Method I; (Massey and Mohr (72)  )  
The scattering of an incident electron by a target atom is 
described by the coupled equations, 
[V2 + k2] F
9 
 6t) = 2p E Fn 66 Vno (71t) 	
(VI-1-a) 
and 
[V2 	1( 1) 	= 2u E Fn (t) Vnm 	m # 0. 	(VI-1-b) 
n 
where Fo () is the wave function for the incident electron at position 
with respect to the nucleus and p is the reduced mass of the system. 
The interactions Vnm (R) are defined by 
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V
n 	= f drr 	r,R) V r) C () 	(÷. ''n  (VI-2) 
* 
where r represents the coordinates of the atomic electrons, T m (r) and 
Tn (it.) are the'initial and final atomic wave functions, and 
V (;, A.) E V0 (R) 	Vn  (rn-it) (VI-3) 
  
where N is the number of atomic electrons. The first Born approximation 
is obtained by assuming that 
F0 (R) = e (VI -4 -a) 
and, 
Fn (R) = 0 , n 	0 	 (VI-4-b) 
on the right hand side of equations (VI-1), which, subject to the usual 
scattering boundary conditions, have as solutions, 
,4- 
it 	 iko1R-R 	 ito Fo (it) = e ° - 	f e 	 V (K ) e 2ff 1-12--12-1 	oo 
ikn ikn"R ÷, e 





ik A l 	 ik - (R- R`) 
47 G+ OtA") 	
1  f dt"e 	2 A2 1- 
k -k +ie (270 3 
(VI-6) 
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is the free particle Green's function satisfying the equation, 
[V2 + k2 ] G4.0 (U") = 8 (tjt") 	 (VI-7). 
The second Born approximation for the elastic case is obtained 
by using Equations (VI-5) in (VI-1-a) to yield, 
2 	
2 
[V+kDF0 '' LK) = 2000 (11)e 	- :1-7-/  
	
1 	Vn0 (11.)f dit A e 	 
n 	 it 
(VI-8). 
ito .A Von (R") e 
Restricting themselves to sufficiently high incident energies such 
that kn = ko 
for all n contributing significantly to the sum in (VI-8), 
and using the closure relationship for the atomic wave functions, 
-} 
S Tn (r) Tn (r
A 
 ) = 8 (r-r ) 	 (VI-9), 
Massey and Mohr obtain in place of (VI-8), 
ik .11 	2 	iko 
[V2+k0 2 ] F0 (11) = 2pV00 (R)e ° - P ff dit'd; e 	 
	
7 I I 
(VI-10). 
  
V(11,1) V (lit;r) 1T-(;)1 2 e 
ik •R 
0 
Rewriting this equation we obtain, 
[V2+1‹.] F0 1- = ) 2p <T0 (1)1V(U)1T0 (;)XA;j> 
where we have introduced, 
it o mit 	 iko 	 it o .11- + 
Xo (R,r) E e 	- 
2 




The solution to equation (VI-11) subject to the boundary 
condition 
F0 (1-2) R 	e 
ito 	 ikoR 
f(6, 4) e 	 (VI-13), 
is 
it 
F0 (il>.) = e ° 	- 	dit" e 	 <To (;) I V (",..;) 14' 0 (r) 	(VI-14) . 
I 
+ 
X (R,r)> o 	r 
R R 	co 
ikoR 
e 	
-iko -ft e (VI-15), 
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The asymptotic behavior of F o (R) is obtained by using the relation
(40) 
giving us, 
it 41›. 	ikoR 	
÷, 
ik •R 4-, 
Fo (it) = e 	
e 	[ - IL- <Y
o  (;)e ° 	IV(R ,r 
4. 
) 21T  (VI-16) 
IT0 (;)X0 (it",r)> rR 
Comparing equations (VI-16) and (VI-13) we see that the scattering 
amplitude is given by 
lko 	141o 	o
.R c  fce, 	- o (r)e 1V(R,r) 	(r)X (R,r) rR 	(VI-17). 
where, using (VI-6), 
dka (1) 1( (it) <1) 1( (t')IV(it',1.)1(1)k (it')> /-t. 
x0(R, a 	a 	 a 	(VI-18), 







in which (I)k (R) represents a plane wave. 
0 
The derivation presented above considers only elastic scattering, 
however, the inelastic case is equally straight forward, as shown by 
Rothenstein (73)  and also leads eventually to equations (VI-12) or 
(VI-18). 
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Method II; (Flannery (71) )  
The formal solution for the scattering function, describing the 
collision of an incident projectile of coordinate A with a target atom 
having collective internal coordinates r, is 
it• 
11). + (itA) = yit)e 1 	+ ff 	 IPI(;',Ar. ) (VI-19), 
where, 
ita  .(A-A") + 	4- 4., 4, 	2p 	* 	4. e Go (r,R;r ,R ) - 	 S n (r)Tn 	a (r")fdk 	 (270 3 n kn
2  -k2  + le 
Or 
e0 (.1- ,A;;',A') = - 	Til. (;)Tn (;') e 	 
I R-A- I 
(VI-20-a), 
(VI-20-b). 
Making the approximation kn = ki , which is good for sufficiently high 
impact energies, and using the closure relation, equation (VI-9), 
equation (VI-20-b) becomes, 
1 i 14.. 	-I 1 
G
o
(r,R;r„ R') - 	
4 
e  ,..,.  .4.1 	(r - r") IR -R 
(VI-21). 




4 4 	 1 
_. ik.•11 2p r AD 	e 	 ÷ -)., + ÷ -).., 
T4..( -1: ,) = T.(i)e 1 - 4ff ' `‘-' 
 V(r,R )T.(r,R ) 	(VI-22). 1 
1 	1 	 1R-R1 
Flannery suggests the substitution, 
+ 
T.1 (r,R) = Y.(r) X.
+ 
(r,R) 1 	1 
yielding, 




r 	e 	÷ + V(r,R
, 
 )X.(r,R ) 1` 
-p;) 
 J 	 7r. 
(VI-23) 
(VI-24), 
which "describes the 'elastic' scattering of a 'fictitious' projectile 
of original wave number ki by a 'fixed' multicenter electrostatic inter-
action V(r,R)." (71) 
Using equation (VI-6) and 
h(-1) E 




= (/)k () 
2..i 








X+ (; 	R. ' R 
1 (2q) 	k.1  -ka  + is 
(VI-25). 
If we now replace XI (;,it") on the right hand side of this equation 
by 4)k (R ), we obtain, Flannery's equation (56), i  
dk (1)
k  (A) <; $k - 
(AliV(; ' 
 Ajl(p (Al> 
 - 	' 
X+i(I;A . = 4) k. (A) 	4 	3 f 	
a 
2 2
1  (VI-26). 
1 k. -k + 1 a C_2TO 
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which is identical to the result obtained frOM the work of Massey and 
Mohr, equation (VI-18). 
CONCLUSIONS 
The discussion, presented above, of the work of Flannery and 
of Massey and Mohr is meant only to indicate the differences and 
similarities in their developments. Flannery began by attempting to 
solve the general scattering problem, used the Massey-Mohr approximation 
(kli =k)as a simplification, and then considered a Born approximation 
as one of several simple approximate solutions. Massey and Mohr, on 
the other hand, started with a Born approximation in mind and then used 
the approximation, kn = k. as a means of simplifying their result. 
Thus, it would appear that the Massey-Mohr approximation has a much 
more general application than envisioned by its creators, as shown by 
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Test of the Li+-He interaction potential* 
W. F. Morrison, G. R. Akridge, H. W. Ellis, R. Y. Pai, 
and E. W. McDaniel 
School of Physics. Georgia Institute of Technology. Atlanta. Georgia 30332 
L. A. Viehland and E. A. Mason 
Brown University. Providence. Rhode Island 02912 
(Received 28 April 1975) 
The mobility of Li' ions in He has been measured at a gas temperature of 300'K over a wide range of 
E/N. where E is the'eltril field intensity and N is the gas number density. A new theory of ion mobility 
is used to calculate from these data the standard 12 integral TI4L " of kinetic theory for Li' in He over a range 
of effective gas temperature extending from 300 to 28700°K. The ab initio quantum, mechanical 
interaction potential for the Li"-He system computed by Cadow .et aL is also used to calculate TV"' as a 
function of Tm A comparison of the two sets of data serves as a test of the Callow potential. The test is 
extended to still higher effective temperatures (up to 600001() by comparison with values of TV' 
computed from the short•range repulsive potential derived from Li' beam scattering experiments in helium. 
The Carlow potential reproduces the general features of the dependence of the "experimental" integral 
on 	over the entire range of the test. However. significant discrepancies exist: they could be resolved by 
making substantial alterations in the Callow potential in the region of short ion-atom separation distance 
and smaller adjustments in the region of the potential minimum. 
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In the last few years ab initio quantal calculations of. 
the Le—He interaction potential which , are in substantial 
agreement have been reported. l ' a This "Callow" poten-
tial has been tested by computing various quantities which 
depend upon it, such as the total and momentum-transfer 
elastic scattering cross sections, and comparing the 
theoretical results with the available experimental data. 
We report here a new kind of test of the Callow poten-
tial, the first to cover a wide range of ion-atom separa-
tion distancei using a single type of experimental data. 
Our work is based on a recently developed theory of 
ion mobility.' The primary conditions required by the 
theory are that the ions be present only in trace amounts 
and that only binary, elastic ion-atom collisions occur; 
these conditions are always met in experimental mea-
surements of Li mobility in He. Unlike previous ap-
proaches, c this theory is not restricted to a specific ion-
atom mass ratio or interaction potential and it applies at 
arbitrarily high values of E/Y, the ratio of the electric 
field intensity to the gas number density. In first ap-
proximation the drift velocity v, (related to the mobility 
K by v., 3 KE) is given by 
	
3 eE 	a 	\ill 	1 
v `r- 8 N k21.1.kT„ ti 717177")' 
where e is the ion charge, c is the ion-atom reduced 
mass, k is Holtamann's constant, and where the effective 
temperature 	is given in terms of the gas tempera- 
ture T and the atomic mass M by 
Taff 7( 1 + Mt7V3kr) , 	 (2) 
Equation (1) shows that the ion-atom potential affects v, 
only through the collision integral 
ro.11 (7..")alckT. cir, 	t2e111(E)exp(— e/kT,, f )de, 
(3) 
where Q (1) is the momentum-transfer (diffusion) cross 
section 
•• 
Q (1 ' (E) e 	(1 - cos8)/(0) sine dt) , 	 (4) 
In these equations e and a are the kinetic energy and 
scattering angle for an ion-atom collision in the center-
of-mass system, and 1(6) is the differential cross sec-
tion for elastic scattering, a quantity which can be cal-
culated from the ion-atom potential.' As a final note. 
both 	and Q (L) are equal to re for the collision of 
classical rigid spheres of diameter d. 
The important feature of this new theory of ion mobility 
is that it shows that v, depends only upon T.1( • so that 
variation of E/N at constant T in mobility'measurements 
is equivalent to variation of T at constant E/ V, This is 
important because much higher average ion energies can 
be achieved by operating at high values of E/N than can 
be obtained by heating the drift tube to the'highest possi-
ble T. In summary, ion mobility measurements as a 
function of VW at constant T can be used to obtain 0 (1.1) 
as a function of T.( f over a wide range of effective tem-
perature, and these values can then be used to test the 
accuracy of an ab initio potential over a wide range of 
ion-atom separation. 
The mobility of Ix ions (of mass 7 amu)' moving in He 
at 300°K has recently been measured over a wide range 
of E/N.' The accuracy of these measurements was 2%, 
except at the highest value of E/N, where the experi- 
mental error may be as high as ±5%. The average ener-
gy of the Li' ions ranged from 0.04 eV at the lowest value 
of E/N to 10.11 eV at the highest value. Using these 
data in Eqs. (1), (2) we have calculated Fl ( • as a func-
tion of T" g , which ranged from 304 'lc at the lowest 
value of E/N to 28 700 'K at the highest value. The re-
sults are plotted in Fig. 1, where the short-dash 
curve has been drawn through the many drift tube data 
points for Tat s 4650°K. (These data points have little 
scatter and only one is shown.) At large values of E/N 
(i.e., high T. 0 ,), fewer data were collected because of 
the lower counting rates resulting from increased trans- 
(1) 
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FIG. 1. TillfT""' as a function of T.,,. The curves labeled 
"Drift Tube Data" and "Beam Data" were obtained by analysis 
of experimental results, while those libeled "Classical Theory 
and "Quantum Theory" were obtained by calculations based on 
the Callow Potential. Many drift tube data were taken for T., z 
x4650' K; they are represented by the short-dash curve ex-
tending from 304 to 4650°K. Above 4650°K, drift tube data 
were taken at six values of T„,c, 6030, 6800, 9070, 10 400, 
19500, and 28 700 ° K. Data points are shown for these six 
temperatures. The error bars on the data points reflect only 
the experimental error associated with the drift velocity mea-
surements. Additional error arises from the use of the first-
order expression [Eq. (1)] rather than an exact expression for 
iT"'" in terms of v/ . 
verse diffusion in the drift tube. The data above about 
4650°K are insufficient in number to determine a curve, 
and are plotted as points. The point near 28 700 °K ex-
hibits an especially large uncertainty. Here the small 
cross section for the Li'-He system and the corre-
spondingly small number of collisions are probably only 
marginally consistent with the swarm model used to 
analyze the experimental data, in spite of the very long 
ionic drift distance (up to 44 cm). 
Because the ion mobility theory of Ref. 3 has been 
used only in its first approximation, the curve is 
more inaccurate than the 2% inaccuracy attributable to 
most of the mobility measurements. Based on the con-
siderations. given in Ref. 3, we estimate that, compared 
with the true results that would be obtained by using an 
Infinite order approximation, the "Drift Tube Data" 
TV• ) values shown in Fig. I are between 1. 5% too low 
and 2. 5% too high at temperatures near 300 ° K and be-
tween 4% and 8% too high at high temperatures (2 10"K). 
Li* beam scattering experiments with He targets' have 
led to the short-range, repulsive interaction potential 
V(r)--. 15. 73 exp(- 2. 704 r) 1. 47< r< 2. 29. 	(5) 
where the energy V and the separation distance r are ex-
pressed in atomic units (27. 210 eV and 5.2917x 10 -9 cm, 
respectively). Using this potential and the tabulations 
available in the literature. 7 we have obtained the l"• 1) 
 curve shown in Fig. 1 that is labeled "Beam Data." 
Since the potential (5) was claimed' to be accurate to 
10%, the accuracy of this curve is 4%. Note that the 
?i"'" curve can be valid only over a range of tempera-
ture (estimated' to be 6000-60 000 °K) because the po-
tential (5) is restricted to a small range of LC-He sepa-
ration. Comparison of the two sets of "experimental" 
1.1 t ••" data, one derived from ion mobility measurements 
and the other from beam scattering studies, shows them 
to be in excellent agreement over the range 10 000- 
20 000 °K. 
In order to facilitate the theoretical calculation of 
fa" , ” from Eqs. (3), (4) we have fitted the Catlow poten-
tial by the expression 
16.93 exp( - 2. 6306r) + (3. 476 x 10") r 
V(r) . )j 24. 69 exp( - 2.6325r) - 0. 7152r " 4 
f - (2.923 x10 .4 ) exp( - 0. 4933r) - 0. 692r ' 4 
r<1.29, 
1.29<r<8, 
r >8 , 
(6) 
in atomic units. A classical calculation of 	from 
this potential was made by using the Smith-O'Hara com-
puter program.' The results, with a numerical ac-
curacy of 0. 1%, are shown in Fig. 1. The quantal cal-
culation of 5"771) from the potential (6) involved the 
evaluation of Q" ) by the phase-shift method according 
to the equation" 
Q( "(e)=(4v/x 3)E (1+ 1)sinz . (6, - 6 ,.,) 	 (7) 
no 
where 6, is the Ith order phase shift and it is the wave 
number associated with e. The phase shifts were eval-
uated by integration of the Schrddinger equation using a 
Nurnerov technique, the criterion for convergence being 
that two successive evaluations agree within 10 .3 rad. 
The effect of the long-range polarization tail of the po-
tential was taken into account" by using the JWKB ap-
proximation. The momentum-transfer cross section 
i.valuated for it in the range 10' 3 -30 a. u., con- 
f- 
vergence being assumed when the ratio of the /th partial 
cross section to the sum was less than lfr' for ten suc-
cessive terms. In general, fewer than 100 phase shifts 
were required to achieve convergence, except at the 
highest energies where up to 200 were needed. The 
over-all numerical accuracy of the quantal a c " calcu-
lations is 0. 2%. 
It should be noted from Fig. I that the classical and 
quantal f2 4 " curves computed from the Callow potential 
are still distinguishable at 1000°K. In way of contrast, 
He-He interaction potentials give indistinguishable re-
sults above room temperature. The enhanced - persis-
tence of the classical-quantal difference in ion-atom 
systems is a direct result of the presence of the long-
range polarization tail of the potential, and is discussed 
in detail in the Appendix. 
The ability of the Catlow potential, demonstrated in 
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values do not lie within the combined error limits. We 
interpret this discrepancy as reflecting an inaccuracy 
in the Catlow potential in the region of the potential 
minimum. 
In conclusion, we believe that this new test of the Cat-
low potential that we have presented indicates that this 
potential is inaccurate at short ion-atom separations, 
and, may also be slightly inaccurate in the region of the 
potential minimum. Since the Li''-He system has only 
four electrons and is one of the simplest systems to 
treat theoretically, and since the Catlow potential is the 
result of the most accurate calculations to date for this 
system, we conclude that experimental measurements 
still contain more detailed information about ion-atom 
interaction potentials than can readily be obtained from 
ab initio calculations. 
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FIG. 2. The potential energy V as a function of the Li =He 
separation distance r in the region of small r. The "Beam 
Scattering" curve was obtained from Eq..(5), the "Callow " 
curve from Eq. (6). 
Fig. 1, to reproduce the general features of the "ex-
perimental" Fi u . 1) dependence on T.  over the full range 
from 300-60000` K is impressive. However, close 	• 
examination reveals some problems, which will now be 
discussed. 
Let us first compare the theoretical and experimental 
3t1.1> curves above 10 000'K. We note that in the range 
10 000-20 000°K both sets of experimental data lie 
about 8(c lower than the curve calculated from the Cat-
low potential. This discrepancy cannot be attributed to 
classical-quantal deviations in the theoretical curve; 
from the Appendix we estimate that such deviations 
should be less than 1% above 10 000°K. Next we note 
that between 20 000 and 60 000° K the discrepancy be-
tween the T 1 • 1' values calculated from the beam data 
and the Catlow potential persists at the level of STo 
In this region above 20 000°K only a single drift tube 
measurement (of considerable uncertainty) was made, 
and little weight should be given to the re" value ob-
tained from this measurement. Since both the magnitude 
and the direction of the 8%-10% discrepancy between the 
theoretical and experimental re" curves above 10 000°K 
conflict with the error limits for these curves previously 
discussed, we consider this discrepancy at high tem-
peratures to be significant. It could be eliminated by 
making a substantial modification in the Callow poten-
tial at small r. In Fig. 2 we have plotted V(r) froni 
Eqs. (5) and (6) in the region of small r, and it can be 
seen that the potentials differ by as much as 23%. 
We next note from Fig. 1 that the theoretical and ex-
perimental r2 ( •u curves show a slight discrepancy at 
300°K. To be specific, using the quantal, theoretical 
value for ST I• ) (300° K) in Eq. (1) gives a value for the 
reduced mobility' of 23:78 cm 2/V-sec, which on the 
basis of the error analysis given previously should be 
too low (by no more than 0. 5%, or 0.12 cm 2/V-sec). 
The experimental value' is 23.1*0. 5 cm2/V-sec. We 
see therefore that the experimental and theoretical 
In the "intermediate" temperature region where quan- 
tal deviations from classical behavior are small, a 
semiclassical treatment of the scattering phase shifts 
leads to an expansion of the cross sections and collision 
integrals in powers of the square of Planck's con-
stant. 12-14 For an inverse power potential of the form 
V(r)=Cr"" , 	 (Al) 
the results become particularly simple; 15 dropping terms 
of the order of the fourth power of Planck's constant 
we find that 
S2=1 (T)=Ti t,l'1,,,,,(T)[1+DT" 1""1 ], 	 (A2) 
where D is a constant. For atom-atom systems the po-
tential behaves as r at long range, so the percentage 
deviation of re,LL(T) from rtIL ic,,,(T) is proportional 
to 7' -z / 3 . Similarly, the percentage error is propor-
tional to T 112 for ion-atom systems where the poten-
tial varies as r " 4 at long range. Thus the temperature 
T' at which an ion-atom system exhibits the same per-
centage deviation as an atom-atom system (of compar-
able mass and similar potential) does at temperature T 
should be 
(A3) 
This suggests that the percentage error exhibited by 
He-He at T =300'K should be approximately equal to 
that exhibited by Li'-He at 2000°K. Thus the classi-
cal-quantal differences discussed in the text for Li'-He 
are not unexpected; they are a direct result of the long-
range r -1 tail of the potential. 
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New measurements of the mobility of Li' ions in He gas at .31:0*K are reported for a wide range of E/N, 
the ratio of the electnc field strength to the gas number density. These data are used in conjunction with 
kinetic theory to lest various Li '-He interaction potentials over a wl ide range of separation distance. It is 
shown that the oh natio potential of Hanharan and Staemmler gives Mobility values in excellent agreement 
with expenment at low and moderate t / N. but that significant discrepancies exist at high E/Y The 
mobility data are also directly inverted to give the Lt -He interaction potential. This directly determined 
potential is in excellent agreement with the oh initio at intermediate and long range, but Alters 
.igniticantly in the short-range region. In the latter region, however. it is in agreement with the potential 
obtained by analysis of beam-scattering experiments. 
I. INTRODUCTION 
Recent developments'in the kinetic theory of ion mo-
tion in gases under the influence of arbitrarily large ex-
ternal electric fields now permit accurate calculations-
of ion mobilities for systems with centrally symmetric 
ion-neutral potentials when the potentials are avail-
able.' Such calculations allow mobility measurements 
to be used to obtain information on ion-neutral inter-
actions. We report here a comprehensive study of one 
of the simplest systems to which this theory can be ap-
plied, the Le-He combination. This work refines and 
extends a previous study' of the LC-He system. In 
particular, five main features may be noted, as follows: 
(1) New experimental measurements of the mobility 
of Li in He have been carried out which extend the data 
to higher E/N (ratio of electric field strength to neutral 
gas number density) with considerable improvement in 
accuracy. Details are given in Sec. 11. 
(2) Quantum effects on the momentum-transfer and 
other transport collision integrals used in this work have 
been carefully investigated, since the earlier study' in-
dicated the presence of unexpectedly large quantum de-
viations from classical behavior. The results are 
presented in Sec. III, where it is shown that the devi-
ation is only about 1% at 3 ° K, and that quantum effects 
at thermal energies and above are insignificant., 
(3) Convergence errors in the kinetic-theory for-
mulas have been investigated and greatly reduced. The 
previous study' used only first-order kinetic theory, 
and the resulting convergence errors were estimated to 
range from - 1.5% to *A over the energy range of the 
mobility measurements. The present calculations have 
been carried to third-order kinetic-theory approxima-
tion, for which the convergence errors are estimated' 
to be less than the experimental uncertainty in the mo-
bility measurements. In addition, comparison has been 
made with an independent calculation of mobilities for 
Li* in He by Lin and Bardsley' using a Monte Carlo meth-
od. Our calculations agree within 1%. 
(4) New theoretical Li'-He potentials have become 
available since the previous study,' which tested.Only 
the self-consistent-field (SCSI potential calculated by 
Callow et a1.1 - and by Krauss at al.' In particular, both 
a coupled electron pairs approximation (CEPA) poten-
tial° and an electron gas-Drude model (EGDM) potential 9 
 have been used to calculate mobilities in the present 
work, in addition to the older SCF potential. These cal-
culations, which include the investigation of the kinetic-
theory convergence errors, are described in Sec. IV. 
(5) An iterative, direct-determination inversion pro-
cedure" has been used to obtain 0. potential which fits 
the mobility data. This new potential is very close to the 
CEPA potential of Hariharan and Staemmler except in 
the repulsive core above b. 1 eV, where it is about 15% 
lower than the theoretical potential but in good agreement 
with the results of beam experiments." The direct de-
termination of the potential from the mobility data is 
described in Sec. V. 
II. EXPERIMENT 
The reduced mobility of Li ions (of mass 7 amu) in 
He gas was measured at 300 'K as a function of E/N. 
The instrument used was the Georgia Tech drift tube 
mass spectrometer, Which has been described pre-
viously. tz. a Swarms of Le ions were allowed to drift 
through He gas along a variable drift distance which 
ranged from 25 Co 44 cm. The mobility K (defined as 
r„,/E, the ratio of the drift velocity to the electric field 
strength) is inversely proportional to the number den-
sity of the neutral gas. The results were normalized 
to the number density at 0 ° C and a pressure of 'MO torr 
via the relation Ka = K(13/7130)(273.18/ T), where Ka is 
the -reduceemobility, P is the gas pressure in tom 
and T is the gas temperature in 'K. The neutral gas 
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FIG. 1. The reduced mobility Kt of lir ions in He an a function 
of ElN and of the effective thermal collision energy ST, which 
is derived from the E/N and values using first order kinetic 
theory. The effective temperatures range from 300 it Oa, 
=10 ° to 30 000 °K (CT, .10-la.u.) with the mobility peak 
around 3000 °K (kTf=10 -'a.u./. The points represent the ex-
perimental measurements, and the curves are calculated from 
various potentials as follows: CAT is the self-consistent field 
potential of Cattow 'et at. and Krause et al. (Rafe. 6 and TI, W. 
G. is the electron gas-Drude model potential of Waldman and 
Gordon (Ref. 91, U. S. is the coupled electron pair approxima-
tion of Hariharan and Staemader (Ref. 81, and D. D. is our 
potential determined directly from the experimental data. 
pressure used in the experiment varied, but was.always 
less than I torr. The Ix -He system presents experi-
mental difficulties at these pressures owing to the rath-
er small collision cross section. The present data, 
obtained with an improved Li source, represent an im-
provement over measurements reported earlier" on 
the LC-He system. About 100 mobility runs were made, 
at E/N ranging from 2 to 230 Td (1 Td= 10"" V-cm 0 ); 
the average ion energy varied from thermal up to about 
15 eV In the laboratory reference frame. 
The major systematic error in the data occurs in the 
measurement of the neutral gas pressure, for which a 
capacitance manometer was used. Shortly before the 
data on Le-He were collected, this instrument was 
calibrated by carefully measuring the mobility of lc ions 
in N, gas at low values of E/N, and comparing this re-
sult with the accepted value of 2. 54 cin0/V7sec. Suf-
ficient data were then taken on Li." in He to establish 
a curve of reduced mobility as a function of E/N whose 
total error is believed not to exceed ± 2% for E/N 
s 75 Td, s 3% for 75 Td c Erns 150 Td, and I 4% for 
E/ N> 150 Td. The experimental data are displayed as 
points in Fig. 1. 
III. CLASSICAL-ClUANTAL DEVIATIONS 
Use of the kinetic theory of gaseous ion transport' 
requires the calculation of collision integrals and cross 
sections of the form 
nu-o(r„).[(s+ t Ure  r.„),1-1 
x 	exp(- e/k± T.u )e"' Q"' (e)de ,to 
(1)  




where T.„ is an effective temperature discussed in the 
next section, k 5 is Boltzmann's constant, e and d are 
the kinetic energy and scattering angle for an ion- neu-
tral collision in the center-of-mass frame, and cr(e,81 
is the differential cross section for elastic scattering, 
a quantity that can be calculated either by classical or 
quantum mechanical methods from the ion-neutral in-
teraction potential." The normalization factors in Eqs. 
(1)-(2) have been chosen so that both IV•' and Q"' are 
equal to ird' for the collision of rigid spheres of diameter 
d. 
Since quantal calculations of the collision integrals 
are much more'difficult than classical calculations, it 
is important to investigate the conditions under which 
the quantal calculations can be dispensed with owing to 
negligible classical-quantal deviations. At very tow 
temperatures, of course, classical calculations become 
quite inaccurate." Furthermore, earlier calculations' 
suggested that classical-quantal deviations for an ion-
atom system persisted to higher temperatures than would 
be the case for a comparable atom-atom system. ow-
ing possibly to the long-range tail. Such qualitative 
arguments shed little light, however, on the magnitude 
of the deviations for the 1,1 ° -He system at thermal en-
ergies and above. 
In Ref. 3 we reported classical-quantal deviations as 
large as 10%, a surprising result which we attempted 
to rationalize by a qualitative argument based on a sup-
posed similarity of the He-He and Li"-He interaction 
potentials. Re-examination of the calculations in Ref. 3 
showed that the number of quantal cross sections used 
was insufficient to fully define the oscillations in Q 
as e varies. We have therefore recalculated il"'" us-
ing the same SCF interaction potential, 6.7 an improved 
integration routine, and four times as many Q"' values 
to be sure to include all oscillations. The result of 
this recalculation is that the quantal values of re" now 
agree with the classical values within the combined ac-
curacy of the numerical procedures down to 5 'K. 
As a further check, we have calculated momentum-
transfer cross sections Q" ) (e)for the Hariharan and 
Staemmler CEPA potential ° using both classical and 
full quantal methods. The quantal phase shifts were 
calculated by the Gordon algorithm, " which is especial-
ly suited to long-range potentials. Calculations of Q"' 
were carried out at 41 energies on a logarithmic scale 
over the energy range 10" m a.u. (about 10-5 eV or 
0.1 ° X) to 10.0.5 a. u. (about 10° ' eV or 1000 ° K). Below 
10'4 a.u. (3 ° K) the quantal results exhibit order-of-
magnitude oscillations about the classical curve; above 
10 a. u. the oscillations persist but differ from the 
classical values by at most 10%; above IV" a.u. 
(100 °K) the quantal and classical results agree to 
within 1%. Above the orbiting region (e > 10' a. u. 
or 335 ° K) the cross sections drop sharply away from 
the values given by a pure r-4 polarization potential, 
and the quantal and classical results become virtually 
identical. 
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TABLE I. Potential energy of LI .-He as a function of internuclear separation (both in =min 
units, 1. e., 27.211 eV and 0.52917 Al for three theoretical potentials. for the potential ob-
tained In this paper by directly inverting mobility data, and as obtained from beam-scatter-
ing experiments. ' I 
EGDM' 	scr• 	CEPA' 
	
Beam even" 
IriterauClear 	(Waldman 	(Callow et 	(Hartharan and Direct 	 (Inouye 
separation 	and Gordon) et.) 	itaemmler) 
	
determination" and Kita) 
10. 00 ' - tr. 000070 -0.000071 -0.000070 
9.00 -0.000107 -0 .000109 -0.000110 
8.00 -0.000171 -0.000181 -0.000176 - 0.000160 
7.00 -0.000294 -0.000298 -0.000306 -0.000310 
8,00 -0.000549 -0.000544 -0.000582 -0.000600 
5.50 -0.000775 -0.000765 -0.000850 
5.00 -0.001128 -0.001101 -0.001219 -0.001270 
4.50 -0.001640 -0.001591 -0.001775 -0.001010 
4.00 -0.002299 -0.002171 -0.002450 -0.002480 
3.73 -0.002520 -0.002703 -0.002710 
3.50 -0.002470 -0.002259 -0.002678 -0.002390 
3.25 - 0.001700 -0.001983 -0.001910 
3.00 0.000697 0.000123 0.000160 0.000470 
2.75 0.007300 0.005660 
2.50 0.021000 0.016708 0.016043 0.015000 
2.25 0.045000 0.038786 0.032500 0.035847 
2.00 0.092433 0.062306 0.080822 0.066000 0.070475 
1.75 0.177505 0.166478 0.163688 0.129000 0.138554 
1.50 0.322260 0.327374 0.322078 0.252700 0.272397 
1.25 0.562430 0.632821 0.623772 0.483500 
140 0.964172 1.211805 1.199323 0.918500 
0.75 2.331407 2.216929 1.738300 
0.50 4.794386 4.780285 3.283500 
'Additional values at closer spacing are available on request to I. R. Gatland. 
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The quantum oscillations in Qu' have a period, 
Ain't, of 0.5 or less and are centered on the classical 
curve, so they almost cancel in the subsequent integra-
tion for the collision integral. As a result the values 
of 11° •" calculated from the quantal and classical cross 
sections differ by less than 1% for values of 7',„, above 
3 	We conclude that quantum effects can be ignored 
in the present mobility calculations. 
IV. MOBILITY CALCULATIONS AND THEORETICAL 
POTENTIALS 
According to kinetic theory' the mobility K and drift 
velocity v, of an atomic ion moving in trace amounts 
through a dilute gas of neutral atoms are given at all 
EVA!' and all neutral gas temperatures T by the expres-
sion 
08 .10E L7Z ( _.141`12 ( 	V" 	1  8 N\ M / k2mk,T„,,) D""(-Tod 
where q is the ion charge, and m and M are the ion 
and neutral masses, respectively. The term a, which 
is zero in first approximation, includes all of the higher 
kinetic-theory approximations, and depends in a com-
plicated way on E/N, T, nn, If and the ion-neutral po-
tential. The effective temperature To, is given by 
zka T,„ = -AR T -1Mvi (1+ 4), 	 (4) 
where 0 is a correction term, similar to a, that is 
zero in first approximation. A computer program that 
calculates the classical mobility through the third 
kinetic-theory approximation, and that is designed to 
accept numerically tabulated potentials, has been de-
scribed.' Since quantum effects are negligible for L1*- 
lie in the range of interest, as discussed in Sec. III, 
this program could be used directly. Further checks 
on computational accuracy are discussed below. 
The three theoretical potentials used to calculate mo-
bilities for comparison with the experimental data were 
the SCF result of Callow et al. ° and Krauss et al. 
the CEPA result of Hariharan and Staemmler, ° and the 
EGDM result of Waldman and Gordon.' Tabulations 
of the three potentials are included in Table I; they 
are seen to be quite similar, the most obvious differ- 
ences being in a somewhat deeper minimum in the CEPA 
potential. 
Two important checks on computational accuracy were 
made. The first merely tested the numerical accuracy 
of the computer program for calculating the collision 
integrals 	by comparing collision integrals for the 
tabulated CEPA potential with collision integrals cal-
culated by the computer program of O'Hara and Smith" 
using the analytical approximation to the CEPA poten-
tial suggested by Hariharan and Staemmler. ° The 
discrepancies between the results of the two programs 
were less than 0.2%. The second, more crucial, check 
tested the accuracy of the kinetic-theory approximation 
scheme (L e., the behavior of a and 0). Previous 
calculations4° have indicated that it is necessary to pro-
ceed to the third approximation to ensure that the cal-
culated mobility has an accuracy of better than 3% even 
in unfavorable cases, but that for many real ion-atom 
(3 ) 
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interactions the.accuracy of the third approximation is 
better than 1%. A completely independent calculation 
of mobilities for Li* in He has been made by Lin and 
Bardsley' for the SCF potential," using a Monte Carlo 
method rather than kinetic theory. Our third-order 
mobilities for this potential agree with theirs to within 
1%. 
It Is thus almost certain that no errors as large as 
appear in our calculated mobilities due to quantum 
effects on cross sections, numerical inaccuracies in 
computer' programs, or convergence errors in the ki-
netic-theory formulas. 
Third-order mobilities for the three theoretical po-
tentials were calculated as a function of E/N or, 
equivalently, of an effective temperature 7*,, = TX, ds. 
fined in terms of E/N and mobility by - Eq. (4) with $.0. 
The results are shown in Fig. 1 together with the ex-
perimental data. For -E/N. 40 Td the curve for the 
CEPA prtential is in nearly perfect agreement with the 
data, whereas the curves for the other two potentials 
are slightly too high. Above 50 Td all three curves 
fall below the mobility data, indicating that the short- 
range repulsive cores of the potentials are too large . 
in magnitude.' The different slopes at large E/N fur:. 
ther indicate that the repulsive cores are too steep.' 
These discrepancies are -discussed In Sec. V. In view 
of the conceptual simplicity and relative computational 
ease of the EGDM theOry, the result obtained by Wald-
man and Gordon ° is quite impressive. 
V. DIRECTLY DETERMINED POTENTIAL 
Recently an iterative procedure has been developed ° 
 which allows the ion-neutral interaction to be directly 
determined from mobility data without the need to as-
sume a functional form for the potential. We have 
applied this procedure to our smoothed mobility data 
for 1. in He, using the CEPA potential' to start the 
iteration. Model calculations show that the specific 
starting potential does not affect the final result, m but 
only determines the number of iterations needed for 
convergence. The present results converged after only 
two iterations, and the results are shown in Table I. 
The accuracy with which this directly determined po-
tential reproduces the experimental mobility mea-
surements is shown in Fig. 1. it should be noted that 
the directly determined potential is most accurate 
(a 5%) in the ion-neutral separation range 1.8- 5.5 a. u. 
because the mobility data cover a finite range of E/N 
(0-230 Td) with a fixed gas temperature of 300 ° K. We 
have extended this potential to larger separations in 
Table I by using the theoretical long-range polarization 
potential° V(7)= - 0.6925 r", in a. u. ; this extrapolation 
should be quite accurate. Our extrapolation to smaller 
separations becomes increasingly inaccurate below 
1.8 a. u., however, because the mobility data are pro-
gressively less sensitive to this region of the potential. 
At intermediate and large ion-neutral separations 
(i. e,, r> 2.8 a. u. ) our directly determined potential 
is in excellent agreement with the ab initia CEPA po-
tential. ° The two differ, however, at small separations;  
in fact, all three theoretical potentials have larger and 
steeper repulsive cores than the directly determined 
potentiaL We nevertheless believe the latter to be 
more accurate, for the reasons discussed in the fol-
lowing section. 
VI. DISCUSSION 
On the whole, agreement between theory and experi-
ment is quite gratifying. The experimental mobilities 
have been extended in range'and improved in accuracy, 
and the uncertainties in the kinetic-theory cakulationd 
have•been reduced to 1% or less. The best ab inilia 
potential, the CEPA result of FLartharan and Staemmler, ° 
agrees well with the potential obtained by direct inver-
sion of the mobility data, except in the region of the re-
pulsive core. Even here the discrepancy is not great 
(about 15%), but it is real. Some independent experi-
mental information on this region of the potential is 
available from the experiments of Inouye and Kits" on 
the scattering of Le beams by He gas targets. They 
determined the potential between 1.47 and 2.29 a. u. 
within an estimated error oft 10%; their results are 
given in Table 1, where it is seen that the agreement 
with the directly determined potential is quite good. 
There may well be a systematic error in the CEPA 
calculations at small separations because calculated 
CEPA potentials for Li'-H, it  Li'-N3 , 1B and LF-CO ° 
 have all been 10%- 20% higher in the repulsive region 
than experimentally determined potentials. We con-
clude that the Li'-He potential is probably given more 
accurately In the repulsive region by our directly de-
termined potential from mobility data than by the ab 
initio CEPA calculations. 
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TABLES OF TRANSPORT COLLISION INTEGRALS FOR (n, 6, 4) 
ION-NEUTRAL POTENTIALS* 
L. A. VIEHLAND and E. A. MASON 
Brown University 
Providence, Rhode Island 02912 
and 
W. F. MORRISON and M. R. FLANNERY 
School of Physics. Georgia Institute of Technology 
Atlanta, Georgia 30332 
Transport collision integrals are tabulated for the (n, 6.4) model of ion-neutral-molecule inter-
actions as functions of effective ion temperature for eight values of n and several values of a 
parameter 7 that measures the relative strengths of there and r-4 attraction terms. Theions can 
have any charge and the neutral entities can be either atoms or spherically synirrietri re molecules. 
The accuracy of the calculations is estimated to be a few parts in 10 4. The tables , cant be used to 
estimate ion-neutral potentials by comparison with experimental ion mobility data or conversely 
can be used to estimate ion mobilities and diffusion coefficients as functions of gas temperature 
and electric field strength from fragmentary information. 
156 
This work was supported in part by the U.S. Army Research Office 
Copyright © 1975 by Academic Press, Inc. 	495 
	
uonuc Dale ond Nuclear NOG %kJ, Vd. 10. No. a. Nonnbor 1971 
All rights of reproduction in any form reserved. 
157 




USE OF TABLES 
EXPLANATION OF TABLES 
TABLES 
I. Collision Integrals for`(S; 6, 4) Potentials 
II. Collision Inte&rali;for (12, 6. 4) Potentials 
Collision IntegralS for (16, 6, 4) Potentials 
IV. Collision Integrals for (n, 4) Potentials 
V. Asymptotic.Forms of S2 ('•'' 
VI. Effective Reduced Temperatures for Minima 
and Maxima in the Mobility 
INTRODUCTION 
The prediction and interpretation •  of most phe-
nomena involving ions in neutral: gases, either atomic 
or molecUlar, depend on knowledge of the ion-neutral 
interaction potential. Since ab initio calculations are 
extremely difficult for most systems, the method usually 
employed to get the interaction potential is the careful 
analysis of accurate measurements of a property that 
depends on the potential in a well-established way. 
However, since a unique determination of the potential 
from a measured property is seldom possible. even in 
principle, a more indirect procedure is usually followed: 
A mathematical model containing a few parameters is 
chosen for the potential, and then the parameters are 
adjusted to obtain agreement with the measured prop-
erty. Such models are ordinarily selected to reproduce 
various known asymptotic forms of the true potential 
and to behave in a qualitatively correct way in interme-
diate regions. A major step in such a procedure is the 
calculation of the experimental property from the po- , 
tential model, a process which may require extensive 
numerical integration. This approach has a long and 
successful history for the determination of neutral-
neutral potentials. 1-3 However, until recently the ap-
proach has been of very limited utility for ion-neutral 
potentials,' the reason being that the theory required 
measurements of ion mobility in weak electric fields as 
a function of temperature. and very few good experi-
mental data were available. 
Variation of the electric field in an ion mobility 
experiment has roughly the same effect as variation of 
the gas temperature; typically the average ion energy 
can be varied from the thermal value up to about 10 eV. 
It has long been realized that if mobility data covering 
such a wide range of ion energies could be analyzed 
accurately, information on the ion-neutral potential 
could be derived that would span a wide range of ion-
neutral separation distances. The difficulty was that an 
accurate general mobility theory existed only for weak 
electric fields. Recently Viehland and Masons have de-
veloped a rigorous kinetic theory of . ion mobility that 
is applicable for electric fields of arbitrary strength. so 
it is now possible to determine ion-neutral potentials 
over -an extensive range of separation distances by the 
traditional procedure of adjusting the parameters of 
potential models. The extensive numerical integrations 
required need to be done only one for a given form 
of potential. With suitable choices of dimensionless var-
iables the results can be given as a set of numerical 
tables, so that future computational work is reduced to 
simple interpolation. 
The present paper presents•such numerical tables 
for a potential model that is expected to be a fair mimic -
of real ion-neutral interaction potentials. These tables 
can be used not only for the analysis of ion mobility 
measurements to find ion-neutral potentials but also for 
the converse problem of estimating ion mobilities and 
diffusion coefficients from fragmentary experimental 
and theoretical information' 
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CALCULATIONS 
Potential Model 
The model chosen represents the potential V(r) as 
the sum of one repulsion term and two attraction terms, 
	
B 	C4, 	C4 
V(r) = — — — — 	 (1) 
r'' 	r6 	4 
where n, B. C6, and'at are constants. The inverse fourth 
power term accounts for the attraction between the 
charge on the ion and the dipole it induces in the polar-
izable neutral: for most real systems this attraction 
dominates the mobility at low temperatures and weak 
electric fields. The coefficient C5 is often known rather 
accurately, since it is given by the simple expression 
C4  = Z q 2a, (2) 
where q is the ionic charge and a is the polarizability 
of the neutral entity. The inverse sixth •power term ac-
counts for the charge-induced quadrupole attraction 
plus the London dispersion attraction. The coefficient 
C6 can often be calculated approximately' but is seldom 
known as accurately as C4 , The term Blr' is an empiri-
cal representation of the short-range repulsion energy. 
Equation (1) makes no provision for the possibility of 
charge exchange between the ion and neutral. 
It is convenient to rewrite Eq. (1) in the dimen-
sionless form 




 7(I+.)( r1 41,(11-)6 3(1-7)(4 - 1 	(3) 
r 	 r 
where e and r,,, are the depth and position. respectively, 
of the potential minimum and y is a dimensionless 
parameter, ranging between 0 and 1. that measures the 
relative strengths of the r -6 and r-4 terms. This (n, 6, 4) 
potential is a slight generalization of previously used 
models: the (36, 4) model of Langevint and Hasse,' the 
(8, 4) model of Hass and Cook. 6 and the (12, 6.4) 
model of Mason and Schamp. 9 Extensive tabulations 
are available'cr -52 for the (n, 6) model which has long 
been used for neutral-neutral interactions. 
Mobility and Diffusion 
To a good approximation the mobility K and drift 
velocity u can be represented at all temperatures and 
electric field strengths by 5 
KE Mo d 
— 3qE 2s.)11/ 2 im 	M \112 	1 (4) 
16N‘lcrof ) 	/ (.20- 0(Te,i ) 
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where E is the field strength, q is the ion charge. :V is 
the number density of the neutral gas. m is the ion mass, 
M is the neutral mass, and k is Boltzmann's constant. 
The effective temperature Teff is given by 
3 	 I —kr = —3 kT + 	 (5 ) 2 	'ff 	2 	2 I' 
in which T is the neutral gas temperature. All of the 
information on the ion-neutral potential is contained in 
the momentum-transfer collision integral IV", which is 
a function of Teif . The computation of CV" and similar 
integrals for (n. 6, 4) potentials is the focus of this paper. 
Equations (4) and (5) are valid only for ions in 
pure neutral gases. The expressions for neutral gas 
mixtures, which are considerably more complex, 5-'3  will 
not be given here. Since they involve the same kind of 
collision integral as is given here, the present tabulations 
can be used. 
Since Eq. (4) is only a theoretkal first approxi-
mation, some convergence error is involved in its use. 
The error depends in a complicated way on the ion-
neutral potential and mass ratio and on the value of 
Tef but, as a rough rule, Eq. (4) can be expected to 
give mobilities that are too low by a few percent. More 
detailed error estimates are given by Viehland and 
Mason,' who also give expressions for higher approxi-
mations. 
At low fields the diffusion coefficient D is related 
to the mobility by the familiar Einstein relation 
D = (kT/q)K, (6) 
but at high fields D increases much more rapidly than 
K and becomes anisotropic. No completely satisfactory 
theory of ion diffusion at high fields vet exists. The 
following approximate formulas for the transverse and 
longitudinal components of the diffusion tensor are 
probably the best available at present: 14 
D, z (kT q)K, 	 (7) 
DI= (kTi/q)K[1 + 
d In K  1 	
(8) d In (E/ 
where D. and D i are the diffusion coefficients perpen- 
dicular and parallel to the field direction. respectively. 
The "temperatures" and the logarithmic derivative are 
kr, = kT + (m 
 + 	
` 	 (9) 5m + IVA 
kTi 	 5m — 2m A• + MA*  = kr + 	 Mui, 	(10) 
5m + 3/61,4* 
d ln K  + 
d In (E/N) 
=[1 	(6C` — 5)(1 — 	(11) 
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where A• and C" are dimensionless ratios of collision 
integrals. The resemblance of Eqs. (9) and (10) to Eq. 
(5) for Tern  is apparent; in fact, 
T = 	+ en 3 (12) 
Equations (7)-(11) can be used to calculate the diffusion 
coefficient but do not give results as accurate at high 
fields as does Eq. (4) for the mobility. 
The Collision Integrals 
The collision integral re-) is the first of a family 
of integrals that arise in kinetic-theory calculations, 
K-16.1 (T) 
= [(s 	1)!(kT)'+ 21- if $26)(E)e-EikTE,* ,dE, (13) 
where E is the relative energy of an ion-neutral collision 
(not to be confused with the field strength), and Qui(E) 
is a transport cross section, given classically by the 
equation 
1 + (- 1 Y  f l f 	_ cosi b db, (14 ) 2(1+1)J c. 
in which 0 is the deflection angle in an ion-neutral 
collision of energy E and impact parameter b. The 
argument T of the collision integral in Eq. (13) can refer 
to the gas temperature, the effective temperature Tef 
or any temperature-like variable that arises in a particu-
lar problem. The normalization factors in Eqs. (13) and 
(14) were chosen so that all of the 12" and Qw are 
equal to and 2 for the collision of rigid spheres of diameter 
d. The deflection angle 0 is calculated as a function of 
b and E from the classical equation of motion 
2  8(b E) = 	
b 	V)T 112 dr 
	
- 2b f [1 - — - - 	 (15) 
2 	E 	r 2 
where the distance of closest approach ro is the outer-
most root of 
;,2 
1- 	- 	- O. 	(16) 
Thus three successive numerical integrations are re-
quired to obtain a collision integral. The integrations 
for 0(b, E) and Qt> can be quite difficult because of 
singularities and other irregularities that can occur in 
their integrands. Considerable attention has been given 
to these integrations previously. 2-4 . 7-6 so little discussion 
is warranted here. We used the computer program 
developed by O'Hara and Smith. 16 
The numerical results finally give the dependent 
•MMIC Dom snot N..{17 Doto Table, Vol. lb, N. 9, Doomorlor 975 
variable flu,'' as a function of the independent variable 
T and of the four potential parameters c, r„„ y, and n. 
Dimensional analysis shows that two of the parameters 
can be absorbed into the two variables l2 6,4) and T Such 
a reduction is very convenient for purposes of numerical 
tabulation. It is conventional 2-4 to absorb r,,, into 12 606 
 and c into T by the defining of dimensionless quantities 
S-14,11'(T", y,  n) = 5 (1411(T, e, r,„„ y, n)/en.„2„, 	(17) 
T* = kT/e, 	 (18) 
which are the basis of the present tabulations. The nu-
merical methods used are believed 12 to give collision 
integrals accurate to 1 part in 10 4 for T• > 3; the accu-
racy becomes progressively worse at lower T•, reaching 
I part in 103 for T' < 1. With a few exceptions, our 
results agree with previous calculations within mutual 
uncertainty. 4. 6-12 The exceptions are F• by Mason and 
Schamp9 and all collision integrals by Lin and Hsu" 
below T* = 0.2. 
Our calculations are entirely classical. Quantum 
effects can be expected to cause deviations at low tem-
peratures for light systems. Numerical calculations for 
the system Li+-He show a quantum effect of about 9% 
at 100 °K, falling to about 4% at 1000 °K. 16 Heavier 
systems are expected to show smaller effects, since the 
quantum deviations decrease as p. -1 , where a = mM/ 
(m + M) is the reduced mass of the ion-neutral pair. 2 
Collision integrals higher than those tabulated can 
be generated by numerical differentiation and use of the 
recursion relation 
9a,.+1» = ou.o• 11 + 	1 	d in 116,0*  ] , 	(19) 
L 	s 2 d In r 
which can be obtained by differentiation of Eq. (13). 
This recursion relation can also be used to derive Eq. 
(11). 
Tables I-IV give the collision integrals for various 
(n, 6, 4) and (n, 4) potentials. Table V gives the asymp-
totic forms of 12 11 . 1 ' for T• --r 0 and r --0 x, as col-
lected from various sources. 17-12 The asymptotic values 
of A' and F• in Tables I-IV come from the same sources. 
Table VI gives the values of r for which the first ap-
proximation to the mobility. has a minimum or maxi-
mum. At these effective temperatures the mobility is 
independent of both gas temperature and field strength 
to first order, and the system behaves approximately as 
if the mean free time between collisions were a constant 
(the Maxwell model4). 
Effect of Potential on Mobility 
At low temperatures the mobility is dominated by 
the long-range polarization attraction, - C4 /r4 of Eq. 
(1), so that the mobility approaches a constant nonzero 
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Fig. 2. Effect of additional /-4 attraction energy on mobility. as illus-
trated by a series of (12. 6, 41 potentials. The abscissa and ordi-
nate are as in Fig. I 
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polarization limit as T* 	0. This polariiation limit of 
the mobility is, at standard gas density, 
Koar 	
13.876 fm 	+ M li2 ' 2 V-3sec -1 = a 1/2 \ / 	 ' (20) 
where a is the polarizability in As and the masses are 
in amu. 
To show the_effect of adding short-range repulsion, 
B/r" of Eq. (1), we ,plot the ratio K/IC,,,„ as a function 
of krea/e for three (n, 4) potentials in Fig. 1, with n = 8, 
12, 16. The addition of repulsion causes the mobility 
to rise with increasing temperature to a maximum and 
then decrease, eventually as 7',„ -4313'-'42/" ). The height 
of the maximum can be seen to depend strongly on the 
value of n, the steepness of the repulsion energy. 
The effect of adding the attraction energy —C 6/r 6 
 to the potential is illustrated in Fig. 2, where Kfic„1
 is plotted as a function of kreft /t for three (12, 6, 4)
potentials, with y = 0, 0.4, 0.8. The addition of F-6 
attraction causes the height of the maximum in the 
mobility curve to decrease. Addition of sufficient F-6 
energy causes a minimum to develop at lower.tempera-
tures, and further r's energy eventually suppresses both 
the maximum and the minimum. 
The shape of a K versus Ten curve thus contains 
useful information on the ion-neutral potential. 
USE OF TABLES 
The tables have two main purposes—the determi-
nation of ion-neutral potentials by analysis of mobility 
measurements and the estimation of mobilities (and 
diffusion coefficients) from fragmentary information. We 
consider the latter purpose first, since the calculations 
are simpler. 
The simplest case arises when one is given an ion-
neutral potential from some source and wishes to calcu-
late the mobility. The first step is to fit the given poten-
tial with an (n, 6, 4) model, for which four parameters 
are available. Since the coefficient C ., is usually known, 
only three parameters are adjustable. It is probably best 
to choose two of them so that the well depth and 
minimum position, e and r„„ respectively, of the poten-
tial are reproduced. The final parameter can be chosen 
to give a reasonable representation of the repulsive wall 
of the potential, such as requiring that the ratio a/r„, 
be given correctly, where a is the point at which the 
potential curve crosses the r-axis, V(a) = O. Alterna-
tively, one might require that the coefficient C„ be given 
correctly, if a reliable value is known. Methods for 
estimating C6 are summarized in Ref. 4. 
As an example, we consider the calculation of the 
mobility of K' ions in Ar from a potential given recently 
by Budenholzer et al. 2° These authors measured the 
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total scattering cross section for a 	beam in Ar gas 
as a function of beam energy and fitted their results with 
an (n, 6, 4) potential. They took the theoretical values. 4 
= 11.80 eV A4 and C4 = 44.0 eV A6, and adjusted 
the remaining two parameters of Eq. (1) to fit their 
measurements, obtaining a = 9.6 and B = 3997 eV 
A3.6 ; these parameter values correspond to a = 2.62 A, 
r.= 3.04 A, c = 0.103 eV, and y = 0.23. The measure- 
kTe „ /6 
Fig. I. Effect of short-range repulsion on mobility. as illustrated by 
a series of (n, 4) potentials. The mobility is normalized by 
the zero-temperature limit, and is plotted as a function of the 
dimensionless effective temperature 
Moms 0,665 awl Muclacr One Tables. vel. 16. Ne. 0, Decombr 1913 
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ments were estimated to sample the potential over the 
range of r = 2.4 to 5.5 A. From this information and 
the present tables it is straightforward to calculate the 
mobility as a function of effective temperature according 
to Eq. (4); because of the limitation upon the range of 
the potential, the mobility calculation is strictly valid 
only for effective temperatures less than about 2000 °K. 
The results are shown in Fig. 3, where they are com-
pared with direct measurements of mobility. 21 The 
agreement is within about 12%. This is a useful accuracy 
but is poorer than the experimental uncertainty of about 
2% in the measured mobilities. In this case the mobilities 
could be used to refine the potentiaL 
A more common situation arises when only frag-
mentary information on the potential is available. Sup-
pose the only direct information is one measurement 
of the mobility at 300 °K and one wishes to estimate 
K as a function of temperature and field strength. If 
C4 and C6 can be estimated, which is usually possible, 
then three pieces of information are available to deter-
mine a four-parameter potential. Clearly one guess has 
to be made. It is probably best to guess the value of 
n. which usually lies between 8 and 16 and for which 
analogy with similar systems is a useful guide. An esti-
mate of the uncertainty involved can be obtained by 
choosing two values of n believed to bracket the most 
likely value and carrying through the calculations for 
both. Since examples of this sort are given in Ref. 4, 
we present no further details here, except to note that 
the calculated mobilities will be accurate within a few 
z oo 
T (•la 
Fig. 3. Comparison of experimental mobilities with those calculated 
from an independently determined potential for K - ions in Ar 
gas: for a discussion. see the text. All results are given in terms 
of the reduced mobility K, referred to a standard gas density 
of 2:69 x moleculesicms. The solid curve is the first kinetic- 
theory approximation of Eq. (4). and the dashed curve is the 
second approximation calculated according to the methods of 
Ref. 5 
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percent from 0 °K up to about 500 °K, after which the 
uncertainty grows rapidly because of the uncertainty in 
rising to about 10% at 700 °K. 
The inverse problem of determining the potential 
from mobility measurements is much more difficult. A 
unique inversion in the general case is impossible in 
principle. 22 Some assumption about the form of the 
potential must be made, such as the use of an (pi, 6, 4) 
model. Once such a model is assumed, the determi-
nation of its parameters by comparison of calculated 
and measured mobilities is essentially a problem in 
curve-fitting. There is a large literature on the subject 
for the analogous case of the transport coefficients of 
neutral gases, 1-3 which we cannot review here. For the 
specific case of ion mobilities, a simple but accurate 
graphical method has been described by Mason and 
Schamp. 9 Results from such graphical methods can be 
refined by various least-squares numerical procedures, 
if necessary. 12 There are other methods. still in a state 
of development, in which a starting potential is refined 
numerically without the need for an explicit assumption 
about its mathematical form. 23 Thus even if a particular 
ion-neutral potential cannot be accurately represented 
by an (it, 6, 4) model. the present tables are still useful 
to furnish a starting potential for numerical refinement. 
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EXPLANATION OF TABLES 
The momentum-transfer collision integral. Eqs. (13) and (17) 
craze/spar. 
[512(1.2s. _ 42(1,3•/42(Lir 
0(1.2J7U(1.1J. 
g(2.3)7012.2)* 
The dimensionless temperature kT/c, where c is the well 
depth. See Eq. (18) 
The dimensionless parameter measuring the relative strengths 
of the r -8 and r-4 terms in the (n, 6, 4) potential. See 
Eq. (3). Note that y = 0 in TABLE IV 
n 	The dimensionless parameter measuring the steepness of the 
repulsive term in the (n, 6, 4) potential. Eqs. (1) and (3) 
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TABLE 1. Collision Integrals for (8, 6, 4) Potentials 
n(1.1 ). 
T. 1 -0 1.0.2 u0.4 1.0.6 T -0.8 T 0.1.0 T T.0.2 T .404 T=0.6 1 .0.8 1.1.0 
0 0.8696 0.8696 0.8696 0.8696 0.8696 1.0058 
0.01 20.157 18.726 16.992 14.844 12.123 8.6628, 0.9010 0.9067 0.9145 0.9260 0.9451 0.9844 
0.02 14.143 13.186 12.043 10.652 8.9385 6.8378 0.9081 0.9139 0.9216 0.9325 0.9498 0.9827 
0.03 11.475 10.729 9.8441 8.7817 7.4943 5.9445 0.9137 0.9196 0.9272 0.9373 0.9531 0.9822 
0.04 9.8838 9.2611 8.5293 7.6590 6.6162 5.3759 0.9186 0.9247 0.9320 0.9415 0.9561 0.9823 
0.05 8.7970 8.2595 7.6303 6.8876 6.0065 4.9681 0.9231 0.9284 0.9362 0.9454 0.9590 0.9828 
0.06 7.9968 7.5167 6.9631 6.3150 5.5501 4.6545 0.9269 0.9324 0.9405 0.9488 0.9616 0.9837 
0.07 7.3733 6.9457 6.4463 5.8649 5.1897 4.4027 0.9307 0.9355 0.9432 0.9529 0.9642 0.9845 
0.08 6.8748 6.4783 6.0272 5.5055 4.8943 4.1926 0.9336 0.9397 0.9469 0.9550 0.9675 0.9861 
0.09 6.4555 6.0940 5.6796 5.2017 4.6511 4.0134 0.9384 0.9437 0.9508 0.9589 0.9693 0.9878 
0.10 6.1001 5.7656 5.3825 4.9438 4.4403 3.8601 0.9435 0.9487 0.9551 0.9632 0.9728 0.9894 
0.15 4.8459 4.6108 4.3437 4.0397 3.6925 3.2971 0.9795 0.9812 0.9841 0.9887 0.9944 1.0052 
0.20 4.0340 3.8649 3.6714 3.4523" 3.2011 2.9147 1.0180 1.0187 1.0182 1.0200 1.0224 1.0284 
0.25 3.4475 3.3240 3.1791 3.0191 2.8324 2.6193 1.0502 1.0474 1.0484 1.0489 1.0497 1.0523 
0.30 3.0039 2.9114 2.8024 2.6820 2.5412 2.3791 1.0748 1.0740 1.0712 1.0723 1.0721 1.0733 
0.35 2.6589 2.5910 2.1046 2.4132 2.3049 2.1805 1.0921 1.0906 1.0888 1.0892 1.0887 1.0884 
0.40 2.3832 2.3307 2.2663 2.1966 2.1104 2.0129 1.1055 1.1031 1.1005 1.0999 1.1004 1.1004 
0.45 2.1639 2.1219 2.0691 2.0159 1.9499 1.8715 1.1121 1.1113 1.1096 1.1084 1.1078 1.1089 
0.50 1.9832 1.9494 1.9085 1.8620 1.8124 1.7509 1.1172 1.1183 1.1146 1.1162 1.1134 1.1136 
0.60 1.7055 1.6856 1.6579 1.6309 1.5971 1.5576 1.1226 1.1206 1.1199 1.1220 1 e 1207 1.1193 
0.70 1.5058 1.4929 1.4747 1.4592 1.4359 1.4105 1.1236 1.1227 1.1221 1.1204 1.1213 1.1230 
0.80 1.3563 1.3493 1.3366 1.3270 1.3136 1.2958 1.1238 1.1218 1.1216 1.1209 1.1197 1.1210 
0.90 1.2407 1.2369 1.2307 1.2254 1.2158 1.2058 1.1219 1.1206 1.1195 1.1194 1.1193 1.1189 
1.0 1.1501 1.1488 1.1449 1.1435 1.1387 1.1321 1.1200 1.1192 1.1187 1.1168 1.1178 1.1169 
1.2 1.0158 1.0187 1.0195 1.0212 1.0215 1.0217 1.1176 1.1160 1.1156 1.1147 1.1141 1.1137 
1.4 0.92242 0.92714 0.93104 0.93579 0.93906 0.94186 1.1163 1.1149 1.1137 1.1121 1.1119 1.1120 
1.6 0.85449 0.86064 0.86578 0.87192 0.87767 0.88272 1.1154 1.1139 1.1132 1.1114 1.1103 1.1104 
1.8 0.80239 0.80971 0.81617 0.82266 0.82993 0.83710 1.1156 1.1138 1.1129 1.1121 1.1101 1.1091 
2.0 0.76122 0.76932 0.77682 0.78482 0.79174 0.80015 1.1167 1.1145 1.1131 1.1113 1.1111 1.1094 
2.5 0.68849 0.69757 0.70637 0.71570 0.72495 0.73444 1.1194 1.1177 1.1160 1.1137 1.1119 1.1104 
3.0 0.64058 0.65035 0.65979 0.66960 0.67960 0.68996 1.1227 1.1204 1.1188 1.1167 1.1146 1.1131 
3.5 0.60601 0.61622 0.62625 0.63647 0.64681 0.65760 1.1264 1.1238 1.1218 1.1195 1.1176 1.1157 
4.0 0.57962 0.59010 0.60043 0.61100 0.62172 0.63277 1.1298 1.1271 1.1251 1.1225 1.1203 1.1184 
4.5 0.55861 0.56928 0.57978 0.59060 0.60156 0.61291 1.1329 1.1302 1.1280 1.1254 1.1230 1.1208 
5.0 0.54134 0.55214 0.56281 0.57375 0.58488 0.59640 1.1357 1.1329 1.1306 1.1280 1.1256 1.1232 
6.0 0.51426 0.52518 0.53608 0.54708 0.55851 0.57026 1.1404 1.1377 2.1352 1.1328 1.1300 1.1275 
8.0 0.47700 0.48815 0.49930 0.51054 0.52200 0.53381 1.1474 1.1444 1.1418 1.1392 1.1367 1.1343 
10. 0.45141 0.46263 0.47392 0.48520 0.49674 0.50868 1.1525 1.1494 1.1466 1.1441 1.1415 1.1390 
20. 0.38377 0.39493 0.40615 0.41734 0.42877 0.44061 1.1652 1.1621 1.1591 1.1565 1.1541 1.1516 
40. 0.32743 0.33822 0.34893 0.35972 0.37073 0.38213 1.1739 1.1709 1.1679 1.1653 1.1630 1.1607 
6o. 0.29820 0.30867 0.31898 0.32942 0.34007 0.35110 1.1776 1.1747 1.1718 1.1693 1.1670 1.1649 
80. 0.27890 0.28912 0.29.912 0.30928 0.31964 0.33036 1.1798 1.1769 1.1742 1.1718 1.1696 1.1675 
100. 0.26472 0.27471 0.28448 0.29439 0.30450 0.31497 1.1812 1.1785 1.1759 1.1736 1.1714 1.1693 
200. 0.22469 0.23392 0.24295 0.25204 0.26131 0.27090 1.1848 1.1823 1.1802 1.1782 1.1762 1.1744 
400. 0.19026 0.19865 0.20691 0.21514 0.22351 0.23216 1.1873 1.1850 1.1833 1.1816 1.1799 1.1783 
600. 0.17246 0.18036 0.18813 0.19585 0.20369 0.21180 1.1884 1.1862 1.1846 1.1830 1.1815 1.1801 
800. 0.16080 0.16834 0.17577 0.18312 0.19060 0.19832 1.1890 1.1870 1.1854 1.1839 1.1825 1.1811 
1000. 0.15228 0.15954 0.16669 0.17377 0.18096 0.18840 1.1894 1.1875 1.1859 1.1845 1.1831 1.1818 
1.1929 1.1929 1.1929 1.1929 1.1929 1.1929 
See page 501 for Explanation of Tables 
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TABLE I. Collision Integrals for (8. 6, 4) Potentials 
7.0 	7.0.2 7.0.4 
H• 
7.0.6 7m0.8 7.1.0 7.0 7.0.2 70.4 r .0.6 7.0.8 Y.1.0 
0 1.2500 	1.2500 1.2500 1.2500 1.2500 1.1852 0.8333 0.8333 0.8333 0.8333 0.8333 0.8889 
0.01 1.2547 	1.2524 1.2485 1.2411 1.2258 1.1892 0.8303 0.8317 0.8343 0.8396 0.8521 0.8868 
0.02 1.2573 	1.2543 1.2493 1.2406 1.2245 1.1923 0.8288 0.8309 0.8344 0.8411 0.8547 0.8855 
0.03 1.2592 '1.2560 1.2505 1.2412 1.2251 1.1955 0.8275 0.8300 0.8341 0.8415 0.8555 0.8842 
0.04 1.2601 	1.2569 1.2514 1.2420 1.2265 1.1987 0.8265 0.8292 0.8337 0.8415 0.8557 0.8828 
0.05 1.2602 	1.2563 1.2527 1.2428 1.2275 1.2016 0.8257 0.8284 0.8334 0.8413 0.8555 0.8815 
0.06 1.2602 	1.2579 1.2528 1.2433 1.2288 1.2045 0.8252 0.8284 0.8331 0.8410 0.8553 0.8801 
0.07 1.2623 	1.2595 1.2527 1.2460 1.2291 1.2069 0.8247 0.8275 0.8325 0.8414 0.8546 0.8789 
0.08 1.2704 	1.2648 1.2564 1.2458 1.2340 1.2091 0.8235 0.8271 0.8321 0.8402 0.8549 0.8775 
0.09 1.2801 	1.2721 1.2626 1.2507 1.2348 1.2148 0.8220 0.8256 0.8311 0.8398 0.8533 0.8768 
0.10 1.2917 	1.2820 1.2711 1.2581 1.2407 1.2173 0.8195 0.8236 0.8298 0.8389 0.8525 0.8748 
0.15 1.3530 	1.3399 1.3256 1.3071 1.2845 1.2578 0.7989 0.8060 0.8148 0.8265 0.8422 0.8644 
0.20 1.3864 	1.3768 1.3630 1.3474 1.3283 1.3026 0.7752 0.7841 0.7945 0.8082 0.8256 0.8485 
0.25 1.3937 	1.3878 1.3787 1.3673 1.3507 1.3306 0.7554 0.7652 0.7763 0.7909 0.8089 0.8314 
0.30 1.3868 	1.3825 1.3756 1.3714 1.3605 1.3462 0.7414 0.7512 0.7619 0.7774 0.7950 0.8174 
0.35 1.3752 	1.3694 1.3672 1.3624 1.3583 1.3506 0.7323 0.7411 0.7527 0.7673 0.7845 0.8062 
0.40 1.3569 	1.3551 1.3525 1.3490 1.3463 1.3427 0.7272 0.7363 0.7462 0.7599 0.7770 0.7974 
0.45 1.3384 	1.3367 1.3358 1.3336 1 .3355 1.3300 0.7240 0.7330 0.7438 0.7561 0.7717 0.7913 
0.50 1.3196 	1.3178 1.3177 1.3203 1.3172 1.3199 0.7234 0.7321 0.7422 0.7561 0.7693 0.7875 
0.60 1.2870 	1.2858 1.2863 1.2880 1.2821 1.2894 0.7270 0.7349 0.7449 0.7562 0.7679 0.7850 
0.70 1.2612 	1.2609 1.2599 1.2603 1.2627 1.2590 0.7346 0.7423 0.7514 0.7610 0.7736 0.7861 
0.80 1.2345 	1.2359 1.2360 1.2393 1.2390 1.2425 0.7431 0.7505 0.7598 0.7688 0.7791 0.7924 
0.90 1.2188 	1.2186 1.2182 1.2196 1.2216 1.2225 0.7538 0.7608 0.7686 0.7767 0.7870 0.7979 
1.0 1.2039 	1.2033 1.2030 1.2036 1.2044 1.2084 0.7637 0.7704 0.7783 0.7855 0.7944 0.8051 
1.2 1.1822 	1.1810 1.1800 1.1801 1.1804 1.1818 0.7833 0.7891 0.7959 0.8027 0.8103 0.8187 
1.4 1.1666 	1.1658 1.1648 1.1639 1.1636 1.1639 0.8007 0.8063 0.8122 0.8178 0.8246 0.8321 
1.6 1.1554 	1.1541 1.1537 1.1527 1.1518 1.1518 0.8154 0.8205 0.8263 0.8316 0.8372 0.8438 
1.8 1.1486 	1.1462 1.1449 1.1450 1.1434 1.1427 0.8284 0.8329 0.8380 0.8436 0.8484 0.8538 
2.0 1.1430 	1.1412 1.1392 1.1376 1.1377 1.1362 0.8394 0.8437 0.8482 0.8526 0.8583 0.8629 
2.5 1.1347 	1.1325 1.1305 1.1288 1.1274 1.1263 0.8604 0.8643 0.8681 0.8718 0.8758 0.8799 
3.0 1.1304 	1.1282 1.1261 1.1244 1.1225 1.1205 0.8747 0.8782 0.8818 0.8851 0.8885 0.8919 
3.5 1.1285 	1.1260 1.1235 1.1216 1.1199 1.1179 0.8851 0.8882 0.8913 0.8944 0.8976 0.9007 
4.0 1.1277 	1.1251 1.1226 1.1203 1.1182 1.1164 0.8928 0.8956 0.8986 0.9013 0.9041 0.9070 
4.5 1.1273 	1.1248 1.1220 1.1197 1.1175 1.1154 0.8985 0.9013 0.9041 0.9065 0.9091 0.9117 
5.0 1.1273 	1.1247 1.1219 1.1195 1.1173 1.1150 0.9030 0.9056 0.9082 0.9106 0.9130 8.9154 
6.0 1.1276 	1.1250 1.1223 1.1200 1.1174 1.1151 0.9091 0.9117 0.9142 0.9165 0.9185 0.9206 
8.0 1.1286 	1.1259 1.1232 1.1207 1.1185 1.1163 0.9159 0.9181 0.9204 0.9224 0.9243 0.9264 
10. 1.1298 	1.1271 1.1245 1.1220 1.1197 1.1174 0.9193 0.9213 0.9234 0.9253 0.9272 0.9290 
20. 1.1336 	1.1309 1.1289 1.1265 1.1243 1.1221 0.9235 0.9254 0.9271 0.9287 0.9303 0.9319 
40. 1.1369 	1.1343 1.1323 1.1302 1.1282 1.1263 0.9235 0.9252 0.9266 0.9281 0.9295 0.9309 
60. 1.1384 	1.1360 1.1339 1.1319 1.1301 1.1283 0.9228 0.9245 0.9258 0.9272 0.9286 0.9299 
80. 1.1393 	1.1370 1.1348 1.1330 1.1312 1.1296 0.9223 0.9239 0.9253 0.9266 0.9278 0.9291 
100. 1.1400 	1.1377 1.1355 1.1337 1.1321 1.1305 0.9218 0.9234 0.9244 0.9261 0.9273 0.9284 
200. 1.1416 	1.1396 1.1374 1.1359 1.1344 1.1331 0.9206 0.9220 0.9235 0.9246 0.9256 0.9266 
400. 1.1428 	1.1410 1.1393 1.1379 1.1366 1.1354 0.9195 0.9209 0.9222 0.9232 0.9241 0.9250 
600. 1.1434 	1.1417 1.1403 1.1390 1.1378 1.1366 0.9190 0.9203 0.9215 0.9224 0.9233 0.9241 
800. 1.1437 	1.1421 1.1409 1.1396 1.1385 1.13711 0.9187 0.9199 0.9210 0.9219 0.9227 0 .9235 
1000. 1.1439 	1.1424 1.1413 1.1401 1.1390 1.1379 0.9185 0.9197 0.9206 0.9215 0.9223 0.9231 
1.1458 	1.1458 1.1458 1.1458 1.1458 1.1458 0.9167 0.9167 0.9167 0.9167 3.9167 0.9167 
See page 501 for Explanation of Tables 
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TABLE I. Collision Integrals for (8, 6. 4) Potentials 
'2° /1.0 7.0.2 T.0.4 y.0.6 7.0.8 7 .1.0 y1.0 7 0.2 y .0.4 yo4.6 y •0.8 y.1.0 
0 0.8750 0.8750 0.8750 0.8750 0.8750 0.9167 0.8413 0.8413 0.8413 0.8413 0.8413 0.9377 
0.01 0.8751 0.8762 0.8781 0.8820 0.8907 0.9144 0.8469 0.8494 0.8544 0.8640 0.8826 0.9323 
0.02 0.8750 0.8766 0.8791 0.8837 0.8929 0.9136 0.8471 0.8505 0.8565 0.8669 0.8861 0.9301 
0.03 0.8749 0.8768 0.8798 0.8847 0.8941 0.9130 0.8470 0.8512 0.8578 0.8683 0.8874 0.9276 
0.04 0.8744 0.8769 0.8800 0.8854 0.8948 0.9124 0.8475 0.8518 0.8588 0.8691 0.8880 0.9252 
0.05 0.8744 0.8776 0.8801 0.8859 0.8953 0.9120 0.8478 0.8523 0.8595 0.8698 0.8881 0.9232 
0.06 0.8742 0.8771 0.8800 0.8861 0.8956 0.9116 0.8486 0.8538 0.8604 0.8706 0.8884 0.9215 
0.07 0.8757 0.8779 0.8811 0.8862 0.8959 0.9113 0.8490 0.8530 0.8604 0.8714 0.8887 0.9200 
0.08 0.8765 0.8787 0.8819 0.8876 0.8960 0.9111 0.8467 0.8527 0.8603 0.8709 0.8889 0.9187 
0.09 0.8779 0.8798 0.8829 0.8887 0.8971 0.9112 0.8444 0.8509 0.8589 0.8702 0.8877 0.9174 
0.10 0.8792 0.8811 0.8841 0.8892 0.8978 0.9114 0.8412 0.8482 0.8569 0.8690 0.8862 0.9152 
0.15 0.8790 0.8834 0.8868 0.8928 0.9014 0.9136 0.8217 0.8307 0.8414 0.8561 0.8749 0.9022 
0.20 0.8678 0.8721 0.8774 0.8870 0.8971 0.9103 0.8103 0.8192 0.8300 0.8441 0.8625 0.8879 
0.25 0.8502 0.8586 0.8641 0.8737 0.8852 0.9006 0.8062 0.8146 0.8248 0.8381 0.8553 0.8776 
0.30 0.8347 0.8412 0.8499 0.8596 0.8720 0.8874 0.8066 0.8145 0.8236 0.8358 0.8512 0.8718 
0.35 0.8223 0.8286 0.8369 0.8476 0.8597 0.8756 0.8077 0.8151 0.8249 0.8359 10.8500 0.8684 
0.40 0.8119 0.8199 0.8289 0.8376 0.8500 0.8651 0.8124 0.8181 0.8259 0.8365 0.8501 0.8671 
0.45 0.8053 0.8122 0.8208 0.8321 0.8432 0.8565 0.8149 0.8215 0.8303 0.8380 0.8495 0.8668 
0.50 0.8016 0.8070 0.8161 0.8255 0.8383 0.8516 0.8187 0.8251 0.8329 0.8430 0.8520 0.8663 
0.60 0.7990 0.8053 0.8127 0.8193 0.8299 0.8432 0.8260 0.8317 0.8400 0.8474 0.8573 0.8697 
0.70 0.8013 0.8070 0.8139 0.8217 0.8300 0.8395 0.8344 0.8394 0.8470 0.8530 0.8630 0.8738 
0.80 0.8052 0.8113 0.8188 0.8245 0.8332 0.8420 0.8429 0.8477 0.8550 0.8605 0.8678 0.8786 
0.90 0.8123 0.8176 0.8238 0.8292 0.8370 0.8457 0.8514 0.8561 0.8620 0.8671 0.8750 0.8830 
























1.6 0.8613 0.8649 0.8688 0.8726 0.8766 0.8807 0.9002 0.9035 0.9078 0.9108 0.9144 0.9194 
1.8 0.8721 0.8754 0.8789 0.8822 0.8860 0.8897 0.9111 0.9138 0.9176 0.9210 0.9239 0.9275 
2.0 0.8813 0.8844 0.8877 0.8907 0.8939 0.8974 0.9206 0.9230 0.9263 0.9285 0.9326 0.9353 
2.5 0.8991 0.9014 0.9041 0.9068 0.9094 0.9121 0.9397 0.9417 0.9443 0.9459 0.9480 0.9504 
3.0 0.9110 0.9133 0.9157 0.9179 0.9203 0.9223 0.9535 0.9550 0.9573 0.9587 0.9603 0.9620 
3.5 0.9193 0.9214 0.9236 0.9257 0.9277 0.9298 0.9640 0.9652 0.9669 0.9681 0.9695 0.9710 
4.0 0.9253 0.9273 0.9292 0.9312 0.9331 0.9350 0.9722 0.9732 0.9746 0.9755 0.9766 0.9778 
4.5 0.9297 0.9316 0.9334 0.9353 0.9371 0.9388 0.9787 0.9795 0.9807 0.9814 0.9823 0.9832 
5.0 0.9330 0.9348 0.9366 0.9384 0.9400 0.9417 0.9840 0.9846 0.9856 0.9862 0.9870 0.9877 
6.0 0.9375 0.9392 0.9409 0.9425 0.9441 0.9457 0.9917 0.9923 0.9930 0.9937 0.9940 0.9945 
8.0 0.9421 0.9437 0.9452 0.9468 0.9483 0.9497 1.0013 1.0015 1.0018 1.0023 1.0027 1.0032 
10. 0.9441 0.9457 0.9471 0.9486 0.9500 0.9513 1.0070 1.0071 1.0071 1.0075 1.0078 1.0080 
20. 0.9459 0.9473 0.9485 0.9998 0.9510 0.9522 1.0178 1.0177 1.0174 1.0174 1.0175 1.0175 
40. 0.9448 0.9461 0.9472 0.9484 0.9495 0.9506 1.0228 1.0227 1.0223 1.0221 1.0220 1.0219 
60. 0.9438 0.9452 0.9463 0.9474 0.9484 0.9494 1.0245 1.0244 1.0241 1.0238 1.0236 1.0235 
80. 0.9432 0.9445 0.9456 0.9467 0.9477 0.9486 1.0253 1.0252 1.0251 1.0248 . 1.0246 1.0244 
100. 0.9427 0.9439 0.9451 0.9462 0.9471 0.9481 1.0258 1.0257 1.0257 1.0254 1.0252 1.0250 
200. 0.9413 0.9425 0.9437 0.9447 0.9455 0.9463 1.0269 1.0268 1.0270 1.0268 1.0267 1.0265 
400. 0.9403 0.9414 0.9424 0.9432 0.9440 0.9448 1.0275 1.0275 1.0276 1.0275 1.0275 1.0273 
600. 0.9398 0.9408 0.9417 0.9425 0.9432 0.9439 1.0278 1.0277 1.0277 1.0277 1.0276 1.0276 
800. 0.9395 0.9405 0.9412 0.9420 0.9427 0.9434 1.0279 1.0278 1.0277 1.0277 1.0277 1.0276 
1000. 0.9393 0.9402 0.9409 0.9417 0.9423 0.9430 1.0280 1.0279 1.0277 1.0277 1.0277 1.0276 
0.9375 0.9375 0.9375 0.9375 0.9375 0.9375 1.0287 1.0287 1.0287 1.0287 1.0287 1.0287 
See page 501 for Explanation of Tables 
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VIEHLAND. MASON, MORRISON, and FLANNERY 	Ion-Neutral-Molecule Interactions 
TABLE II. Collision Integrals for (12, 6, 4) Potentials 
,(1.1)• A. 
T• 7.0 7.0.2 7.0.4 7.0.6 7.0.8 7 .1.0 7.0 7.0.2 7 .0.4 7 .0.6 7 .0.8 7 .1.0 
0 0.8696 0.8696 0.8696 0.8696 0.8696 1.0058 
0.01 17.189 	15.412 13.501 11.437 9.2149 6.8973 0.9168 0.9263 0.9384 0.9541 0.9778 1.0145 
0.02 12.040 ,10.842 9.5800 13.2499 6.8636 5.4699 0.9268 0.9368 0.9491 0.9639 0.9855 1.0160 
0.03 9.7638 8.8259 7.8493 6.8367 5.8002 4.7765 0.9342 0.9444 0.9560 0.9705 0.9899 1.0168 
0.04 8.4086 7.6262 6.8189 5.9916 5.1555 4.3383 0.9403 0.9498 0.9614 0.9758 0.9931 1.0174 
0.05 7.4849 6.8084 6.1159 5.4126 4.7089 4.0257 0.9457 0.9549 0.9659 0.9804 0.9958 1.0180 
0.06 6.8043 6.2056 5.5967 4.9834 4.3746 3.7864 0.9501 0.9593 0.9700 0.9843 0.9981 1.0186 
0.07 6.2735 5.7368 5.1935 4.6484 4.1114 3.5945 0.9552 0.9633 0.9735 0.9879 1.0003 1.0194 
0.08 5.8512 5.3580 4.8672 4.3772 3.8969 3.4355 0.9583 0.9676 0.9772 0.9908 1.0024 1.0203 
0.09 5.4971 5.0480 4.5961 4.1508 3.7169 3.3007 0.9625 0.9707 0.9807 0.9944 1.0043 1.0209 
0.10 5.1997 4.7837 4.3691 3.9583 3.5623 3.1837 0.9668 0.9743 0.9836 0.9970 1.0071 1.0220 
0.15 4.1716 3.8736 3.5805 3.2966 3.0223 2.7634 0.9921 0.9969 1.0029 1.0123 1.0194 1.0300 
0.20 3.5272 3.3069 3.0899 2.8786 2.6774 2.4849 1.0210 1.0233 1.0260 1.0318 1.0357 1.0437 
0.25 3.0654 2.8996 2.7355 2.5748 2.4211 2.2749 1.0478 1.0479 1.0489 1.0523 1.0543 1.0587 
0.30 2.7135 2.5878 2.4612 2.3370 2.2176 2.1034 1.0683 1.0681 1.0679 1.0693 1.0708 1.0740 
0.35 2.4367 2.3405 2.2419 2.1442 2.050o 1.9598 1.0832 1.0830 1.0817 1.0831' 1.0835 1.0860 
0.40 2.2167 2.1400 2.0617 1.9843 1.9094 1.8373 1.0932 1.0938 1.0923 1.0934 1.0935 1.0946 
0.45 2.0347 1.9763 1.9123 1.8503 1.7897 1.7319 1.1011 1.0995 1.0996 1.0991 1.1003 1.1011 
0.50 1.8814 1.8381 1.7875 1.7365 1.6875 1.6399 1.1077 1.1047 1.1034 1.1046 1.1044 1.1063 
0.60 1.6512 1.6222 1.5873 1.5557 1.5222 1.4895 1.1127 1.1106 1.1095 1.1087 1.1089 1.1111 
0.70 1.4823 1.4626 1.4444 1.4155 1.3948 1.3734 1.1110 1.1104 1.1110 1.1123 1.1106 1.1114 
0.80 1.3528 1.3420 1.3258 1.3107 1.2948 1.2786 1.1110 1.1082 1.1087 1.1090 1.1106 1.1126 
0.90 1.2533 1.2461 1.2365 1.2254 1.2149 1.2046 1.1085 1.1072 1.1061 1.1069 1.1079 1.1100 
1.0 1.1753 1.1707 1.1636 1.1572 1.1498 1.1426 1.1046 1.1049 1.1043 1.1043 1.1052 1.1068 
1.2 1.0557 1.0567 1.0555 1.053o 1.0504 1.0482 1.1025 1.1007 1.1000 1.1012 1.1016 1.1013 
1.4 0.97301 0.97667 0.97769 0.97887 0.97922 0,97860 1.0991 1.0978 1.0978 1.0973 1.0976 1.0993 
1.6 0.91159 0.91732 0.92070 0.92330 0.92519 0.92717 1.0975 1.0956 1.0953 1.0953 1.0957 1.0957 
1.8 0.86473 0.87137 0.87630 0.87980 0.88342 0.88613 1.0966 1.0948 1.0940 1.0943 1.0942 1.0946 
2.0 0.82778 0.83471 0.84082 0.84515 0.84949 0.85350 1.0959 1.0950 1.0937 1.0939 1.0936 1.0935 
2.5 0.76182 0.77066 0.77785 0.78383 0.78877 0.79368 1.0966 1.0948 1.0937 1.0933 1.0936 1.0933 
3.0 0.71782 0.72750 0.73548 0.74248 0.74860 0.75400 1.0984 1.0963 1.0954 1.0944 1.0937 1.0935 
3.5 0.68645 0.69642 0.70485 0.71222 0.71884 0.72478 1.100o 1.0984 1.0971 1.0961 1.0953 1.0947 
4.0 0.66248 0.67274 0.68145 0.68907 0.69590 0.70209 1.1021 1.1002 1.0990 1.0980 1.0971 1.0964 
4.5 0.64327 0.65380 0.66278 0.67062 0.67756 0.68389 1.1042 1.1022 1.1008 1.0997 1.0989 1.0981 
5.0 0.62742 0.63819 0.64733 0.65535 0.66247 0.66886 1.1061 1.1041 1.1026 1.1014 1.1004 1.0997 
6.0 0.60267 0.61363 0.62301 0.63120 0.63854 0.64515 1.1094 1.1074 1.1058 1.1045 1.1034 1.1025 
8.0 0.56877 0.57980 0.58934 0.59776 0.60526 0.61203 1.1142 1.1123 1.1108 1.1094 1.1082 1.1072 
10. 0.54553 0.55666 0.56626 0.57471 0.58225 0.58908 1.1176 1.1158 1.1143 1.1129 1.1118 1.1108 
20. 0.48364 0.49471 0.50427 0.51271 0.52025 0.52710 1.1262 1.1246 1.1233 1.1221 1.1210 1.1200 
40. 0.43117 0.44187 0.45114 0.45932 0.46665 0.47330 1.1318 1.1303 1.1292 1.1282 1.1273 1.1265 
60. 0.40339 0.41379 0.42279 0.43075 0.43788 0.44435 1.1341 1.1328 1.1317 1.1308 1.1300 1.1293 
80. 0.38480 0.39494 0.40372 0.41149 0.41846 0.42478 1.1354 1.1342 1.1332 1.1324 1.1317 1.1310 
too. 0.37097 0.38090 0.38950 0.39710 0.40394 0.41022 1.1364 1.1352 1.1343 1.1335 1.1328 1.1321 
200. 0.33109 0.34028 0.34825 0.35531 0.36166 0.36741 1.1387 1.1377 1.1370 1.1363 1.1358 1.1352 
400. 0.29540 0.30382 0.31113 0.31761 0.32345 0.32873 1.1402 1.1395 1.1388 1.1383 1.1379 1.1374 
600. 0.27627 0.28425 0.29118 0.29731 0.30284 0.30786 1.1407 1.1401 1.1396 1.1391 1.1387 1.1383 
800. 0.26342 0.27109 0.27775 0.28365 0.28897 0.29379 1.1409 1.1404 1.1399 1.1395 1.1392 1.1388 
1000. 0.25386 0.26129 0.26775 0.27347 0.27862 0.28329 1.1410 1.1405 1.1401 1.1398 1.1395 1.1392 
1.1419 1.1419 1.1419 1.1419 1.1419 1.1419 
See page 501 for Explanation of Tables 
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VIEHLAND, MASON. MORRISON. and FLANNERY 	Ion-Neutral-Molecule Interactions 
TABLE II. Collision Integrals for (12, 6, 4) Potentials 
V. 7.0 7.0.2 I .0.4 
B. 
7.0.6 y .0.8 7.1.0 7 .0 7.0.2 7.0.4 
C. 
Y .0.6 7.0.8 Y .1.0 
0 1.2500 1.2500 1.2500 1.2500 1.2500 1.1852 0.8333 003333 0.8333 0.8333 0.8333 0.8889 
0.01 1.2553 1.2525 1.2472 1.2375 1.2194 1.1857 0.8293 0.8309 0.8343 0.8414 0.8562 0.8885 
0.02 1.2572 1.2526 1.2454 1.2336 1.2148 1.1855 0.8282 0.8309 0.8358 0.8446 0.8605 0.8886 
0.03 1.2585 1.2529 1.2445 1.2318 1.2127 1.1859 0.8273 0.8308 0.8367 0.8465 0.8628 0.8886 
0.04 1.2594 1.2534 1.2441 1.2308 1.2118 1.1867 0.8265 0.8307 0.8373 0.8478 0.8642 0.8884 
0.05 1.2600 1.2535 1.2437 1.2304 1.2117 1.1878 0.8259 0.8305 0.8377 0.8487 0.8651 0.8882 
0.06 1.2599 1.2538 1.2438 1.2301 1.2118 1.1893 0.8253 0.8304 0.8380 0.8493 0.8657 0.8878 
0.07 1.2624 1.2533 1.2436 1.2303 1.2125 1.1905 0.8255 0.8301 0.8383 0.8497 0.8660 0.8873 
0.08 1.2618 1.2563 1.2430 1.2309 1.2132 1.1924 0.8243 0.8305 0.8383 0.8500 0.8662 0.8868 
0.09 1.2657 1.2560 1.2466 1.2304 1.2148 1.1942 0.8239 0.8295 0.8388 0.8501 0.8662 0.8863 
0.10 1.2710 1.2598 1.2467 1.2341 1.2155 1.1965 0.8229 0.8292 0.8380 0.8506 0.8661 0.8856 
0.15 1.3112 1.2915 1.2744 1.2543 1.2362 1.2150 0.8128 0.8223 0.8339 0.8468 0.8630 0.8808 
0.20 1.3449 1.3252 1.3059 1.2862 1.2658 1.2456 0.7975 0.8101 0.8235 0.8385 0.8547 0.8727 
0.25 1.3610 1.3411 1.3264 1.3105 1.2923 1.2721 0.71334 0.7975 0.8124 0.8282 0.8449 0.8620 
0.30 1.3589 1.3465 1.3338 1.3225 1.3060 1.2924 0.7721 0.7872 0.8022 0.8185 0.8348 0.8521 
0.35 1.3464 1.3420 1.3343 1.3227 1.3114 1.3001 0.7643 0.7798 0.7950 0.8102 0.8264 0.8429 
0.40 1.3321 1.3290 1.3242 1.3159 1.3099 1.2978 0.7592 0.7748 0.7894 0.8044 0.d198 0.8352 
0.45 1.3173 1.3154 1.3095 1.3056 1.3002 1.2963 0.7576 0.7714 0.7859 0.8003 0.8151 0.8304 
0.50 1.3017 1.2987 1.2987 1.2936 1.2899 1.2871 0.7589 0.7709 0.7842 0.7983 0.8121 0.8264 
0.60 1.2686 1.2654 1.2711 1.2682 1.2700 1.2682 0.7619 0.7729 0.7867 0.7977 0.8103 0.8231 
0.70 1.2442 1.2454 1.2416 1.2421 1.2453 1.2451 0.7690 0.7804 0.7900 0.8019 0.8127 0.8229 
0.80 1.2229 1.2225 1.2239 1.2229 1.2201 1.2237 0.7786 0.7875 0.7980 0.8072 0.8162 0.8268 
0.90 1.1993 1.2053 1.2044 1.2063 1.2062 1.2023 0.7873 0.7966 0.8050 0.8143 0.8227 0.8302 
1.0 1.1867 1.1886 1.1911 1.1896 1.1916 1.1924 0.7963 0.8049 0.8136 0.8209 0.8290 0.8365 
1.2 1.1649 1.1651 1.1654 1.1658 1.1681 1.1700 0.8153 0.8219 0.8286 0.8353 0.8419 0.8479 
1.4 1.1489 1.1486 1.1483 1.1483 1.1493 1.1507 0.8310 0.8368 0.8429 0.8482 0.8535 0.8590 
1.6 1.1379 1.1368 1.1362 1.1355 1.1361 1.1366 0.8449 0.8497 0.8548 0.8595 0.8642 0.8683 
1.8 1.1293 1.1282 1.1274 1.1276 1.1265 1.1268 0.8565 0.8610 0.8654 0.8700 0.8734 0.8772 
2.0 1.1224 1.1222 1.1208 1.1211 1.1204 1.1196 0.8661 0.8709 0.8746 0.8788 0.8820 0.8848 
2.5 1.1131 1.1114 1.1106 1.1092 1.1093 1.1088 0.8851 0.8884 0.8917 0.8947 0.8979 0.9003 
3.0 1.1076 1.1057 1.1043 1.1034 1.1027 1.1017 0.8983 0.9011 0.9037 0.9061 0.9083 0.9103 
3.5 1.1035 1.1024 1.1010 1.0999 1.0989 1.0979 0.9073 0.9101 0.9124 0.9145 0.9163 0.9178 
4.0 1.1018 1.1001 1.0989 1.0978 1.0968 1.0959 0.9142 0.9166 0.9187 0.9206 0.9223 0.9237 
4.5 1.1006 1.0987 1.0974 1.0964 1.0954 1.0945 0.9195 0.9216 0.9235 0.9252 0.9267 0.9280 
5.0 1.0997 1.0979 1.0965 1.0954  1.0944 1.0935 0.9236 0.9255 0.9272 0.9287 0.9301 0.9314 
6.0 1.0989 1.0971 1.0956 1.0945 1.0934 1.0924 0.9295 0.9311 0.9326 0.9339 0.9350 0.9361 
8.0 1.0982 1.0965 1.0953 1.0940 1.093o 1.0920 0.9358 0.9373 0.9386 0.9397 0.9406 0.9415 
10. 1.0981 1.0966 1.0952 1.0941 1.0932 1.0922 0.9391 0.9405 0.9416 0.9426 0.9435 0.9443 
20. 1.0992 1.0978 1.0967 1.0957 1.0948 1.0940 0.9441 0.9451 0.9459 0.9467 0.9473 0.9479 
40. 1.100 1.0990 1.0981 1.0973 1.0966 1.0960 0.9452 0.9460 0.9467 0.9473 0.9478 0.9483 
60. 1.1002 1.0994 1.0986 1.0980 1.0974 1.0969 0.9453 0.9460 0.9466 0.9471 0.9476 0.9480 
80. 1.1004 1.0996 1.0990 1.0984 1.0979 1.0974 0.9453 0.9460 0.9465 0.9469 ' 0.9473 0.9477 
100. 1.1004 1.0997 1.0992 1.0987 1.0982 1.0975 0.9453 0.9459 0.9464 0.9468 0.9471 0.9475 
200. 1.1007 1.1002 1.0998 1.0994 1.0991 1.0988 0.9453 0.9457 0.9460 0.9463 0.9466 0.9468 
400. 1.1012 1.1008 1.1004 1.1001 1.0999 1.0996 0.9451 0.9454 0.9456 0.9459 0.9460 0.9462 
600. 1.1015 1.1011 1.1008 1.1005 1.1003 1.1001 0.9449 0.9452 0.9454 0.9456 0.9458 0.9459 
800. 1.1017 1.1013 1.1010 1.1008 1.1006 1.1004 0.9448 0.9450 0.9453 0.9454 0.9456 0.9457 
1000. 1.1018 1.1014 1.1012 1.1009 1.1007 1.1006 0.9447 0.9449 0.9451 0.9453 0.9455 0.9456 
1.1019 1.1019 1.1019 1.1019 1.1019 1.1019 0.9444 0.9444 0.9444 0.9444 0.9444 0.9444 
See page 501 for Explanation of Tables 




VIEHLAND. MASON. MORRISON. and FLANNERY 	Ion-Neutral - Molecule Interactions 
TABLE [I. Collision Integrals for (12. 6. 4) Potentials 
Y4.0 r .0.2 To0.4 
E• 
7m0.6 Y.0.8 Y.1.0 .0 Y.0.2 r.0.4 7.0.6 7 .0.8 
0 0.8750 0.8750 0.8750 0. 8750 0.8750 0.9167 0.8413 0.8413 0.8413 0.8413 0.8413 0 .9377 
0.01 0.8754 0.8769 0.8796 0.8845 0.8951 0.9169 6.8499 0.8545 0.8618 0.8728 0.8981 0.9397 
0.02 0.8756, 0.8776 0.8811 0.8874 0.8981 0.9169 0.8513 0.8573 0.8662 0.8788 0.9041 0.9399 
0.03 0.8758 0.8781 0.8822 0.8894 0.8998 0.9169 0.8522 0.8589 0.8689 0.8832 0.9070 0.9396 
0.04 0.8759 0.8786 0.8830 0.8908 0.9010 0.9169 0.8530 0.8601 0.8708 0.8866 0.9086 0.9392 
0.05 0.8760 0.8790 0.8838 0.8919 0.9019 0.9169 0.8538 0.8612 0.8723 0.8892 0.9097 0.9387 
0.06 0.8761 0.8794 0.8845 0.8926 0.9026 0.9169 0.8546 0.8622 0.8735 0.8911 0.9103 0.9380 
0.07 0.8759 0.8800 0.8848 0.8933 0.9031 0.9168 0.8556 0.8631 0.8749 0.8922 0.9107 0.9374 
0.08 0.8771 0.8802 0.8857 0.8935 0.9038 0.9170 0.8552 0.8640 0.8756 0.8932 0.9110 0.9365 
0.09 0.8777 0.8810 0.8865 0.8939 0.9044 0.9168 0.8552 0.8638 0.8763 0.8930 0.9109 0.9361 
0.10 0.8783 0.8819 0.8672 0.8951 0.9044 0.9173 0.8541 0.8634 0.8760 0.8932 0.9111 0.9349 
0.15 0.8810 0.8859 0.8916 0.8982 0.9078 0.9189 68447 0.8571 0.8717 0.8870 0.9068 0.9288 
0.20 0.8758 0.8830 0.8907 0.8982 0.9085 0.9186 0.8359 0.8492 0.8642 0.8800 0.8990 0.9201 
0.25 0.8643 0.8741 0.8838 0.8926 0.9033 0.9147 0.8322 0.8456 0.8591 0.8741 0.8927 0.9115 
0.30 0.8532 0.8640 0.8739 0.8848 0.8964 0.9069 0.8319 0.8437 0.8574 0.8709 0.8879 0.9054 
0.35 0.8440 0.8542 0.8653 0.8758 0.8876 0.8986 0.8337 0.8443 0.8567 0.8699 0.8854 0.9011 
0.40 0.8359 0.8463 0.8576 0.8677 0.8809 0.8908 0.8357 0.8461 0.8576 0.8697 0.8832 0.8989 
0.45 0.8314 0.8418 0.8513 0.8627 0.8728 0.8843 0.8385 0.8468 0.8594 0.8708 0.8840 0.8971 
0.50 0.8269 0.8376 0.8480 0.8570 0.8684 0.8779 0.8441 0.8502 0.8600 0.8719 0.8840 0.8967 
0.60 0.8234 0.8322 0.8426 0.8522 0.8623 0.8710 0.8503 0.8571 0.8670 0.8743 0.8852 0.8964 
0.70 0.8263 0.8339 0.8413 0.8499 0.8591 0.8678 0.8568 0.8639 0.8718 0.8816 0.8896 0.8979 
0.80 0.8305 0.8382 0.8454 0.8521 0.8591 0.8662 0.8649 0.8698 0.8780 0.8861 0.8937 0.9026 
0.90 0.8372 0.8430 0.8502 0.8565 0.8625 0.8675 0.8723 0.8773 0.8835 0.8906 0.8979 0.9054 
1.0 0.8433 0.8485 0.8556 0.8613 0.8670 0.8721 0.8782 0.8836 0.8901 0.8956 0.9024 0.9089 
1.2 0.8566 0.8618 0.8669 0.8712 0.8762 0.8809 0.8926 0.8966 0.9014 0.9069 0.9120 0.9168 
1.4 0.8697 0.8737 0.8780 0.8821 0.8859 0.3891 0.9043 0.9078 0.9126 0.9164 0.9207 0.9255 
1.6 0.8811 0.8848 0.8883 0.8915 0.8947 0.8976 0.9151 0.9178 0.9216 0.9253 0.9290 0.9323 
1.8 0.8908 0.8943 0.8974 0.9002 0.9027 0.9050 0.9244 0.9270 0.9300 0.9335 0.9362 0.9394 
2.0 0.8992 0.9022 0.9051 0.9077 0.9099 0.9117 0.9323 0.9353 0.9376 0.9408 0.9432 0.94 54 
2.5 0.9151 0.9176 0.9199 0.9219 0.9235 0.9251 0.9486 0.9503 0.9522 0.9544 0.9569 0.9586 
3.0 0.9262 0.9283 0.9300 0.9316 0.9331 0.9343 0.9608 0.9620 0.9634 0.9648 0.9662 0.9676 
3.5 0.9340 0.9357 0.9374 0.9387 0.9399 0.9409 0.9696 0.9707 0.9719 0.9730 0.9740 0.9749 
4.0 0.9394 0.9411 0.9425 0.9438 69448 0.9457 69764 0.9774 0.9784 0.9793 0.9801 0.9809 
4.5 0.9435 0.9451 0.9464 0.9475 0.9489 0.943 0.9820 0.9827 0.9835 0.9842 0.9850 0.9856 
5.0 0.9467 0.9481 0.9493 0.9504 0.9513 0.9520 0.9866 0.9871 0.9877 0.9882 0.9888 0.9894 
6.0 0.9510 0.9523 0.9534 0.9543 0.9551 0.9558 0.9934 0.9937 0.9941 0.9945 0.9948 0.9952 
8.0 0.9556 0.9567 0.9577 0.9585 0.9592 0.9598 1.0015 1.0018 1.0021 1.0023 1.0024 1.0026 
10. 0.9577 0.9588 0.9597 0.9604 0.9611 0.9617 1.0063 1.0065 1.0067 1.0068 1.0069 1.0070 
20. 0.9602 0.9611 0.9618 0.9624 0.9630 0.9635 1.0156 1.0156 1.0156 1.0156 1.0156 1.0156 
40. 0.9603 0.9610 0.9615 0.9620 0.9625 0.9629 1.0201 1.0199 1.0198 1.0198 1.0197 1.0197 
60. 0.9601 0.9607 0.9612 0.9616 0.9620 0.9624 1.0217 1.0215 1.0213 1.0212 1.0212 1.0211 
80. 0.9600 0.9605 0.9609 0.9613 0.9617 0.9620 1.0226 1.0224 1.0222 1.0221 1.0221 1.0219 
100. 0.9599 0.9604 0.9608 0.9611 0.9614 0.9617 1.0232 1.0230 1.0228 1.0226 1.0226 1.0224 
200. 0.9595 0.9599 0.9602 0.9605 0.9607 0.9609 1.0246 1.0244 1.0242 1.0241 1.0240 1.0238 
400. 0.9591 0.9594 0.9597 0.9599 0.9601 0.9603 1.0853 1.0252 1.0250 1.0249 1.0249 1.0247 
600. 0.9589 0.9591 0.9594 0.9596 0.9597 0.9599 1.0254 1.0253 1.0252 1.0252 1.0251 1.0250 
800. 0.9587 0.9590 0.9592 0.9594 0.9595 0.9597 1.0254 1.0253 1.0253 1.0252 1.0252 1.0251 
1000. 0.9586 0.9588 0.9590 0.9592 0.9593 0.9595 1.0254 1.0253 1.0253 1.0253 1.0252 1.0252 
0.9583 0.9583 0.9583 0.9583 0.9583 0.9583 1.0258 1.0258 1.0258 1.0258 1.0258 1.0258 
See page 501 for Explanation of Tables 
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VIEHLAND, MASON, MORRISON, and FLANNERY 	lon-Neutral-Molecule Interactions 
TABLE III. Collision Integrals for (16. 6, 4) Potentials 
T• 7.0 7.0.2 
(1.1)• 
1.0.4 	7.0.6 7.0.8 7.1.0 7.0 Y .0.2 7.0.4 7 .0.6 7 .0.8 7 .1.0 
0 0.8696 0.8696 0.8696 0.8696 0.8696 1.0058 
0.01 16.093 14.284 12.383 10.418 8.3866 6.3605 0.9242 0.9333 0.9478 0.9645 0.9882 1.0237 
0.02 11.255 10.036 8.7789 7.5146 6.2526 5.0363 0.9357 0.9459 0.9610 0.9773 0.9986 1.0277 
0.03 9.1204 8.1620 7.1910 6.2285 5.2871 4.3946 0.9439 0.9548 0.9691 0.9850 1.0043 1.0299 
0.04 7.8507 7.0484 6.2472 5.4609 4.7023 3.9901 0.9505 0.9617 0.9752 0.9906 1.0082 1.0314 
0.05 6.9858 6.2902 5.6042 4.9360 4.2978 3.7025 0.9563 0.9676 0.9802 0.9949 1.0112 1.0325 
0.06 6.3486 5.7316 5.1301 4.5475 3.9955 3.4830 0.9615 0.9727 0.9845 0.9986 1.0138 1.0335 
0.07 5.8539 5.2985 4.7616 4.2447 3.7578 3.3076 0.9658 0.9772 0.9884 1.0018 1.0160 1.0344 
0.08 5.4547 4.9494 4.4650 3.9999 3.5642 3.1626 0.9709 0.9811 0.9918 1.0048 1.0181 1.0354 
0.09 5.1267 4.6601 4.2187 3.7966 3.4024 3.0398 0.9745 0.9856 0.9951 1.0072 1.0201 1.0363 
0.10 4.8486 4.4168 4.0099 3.6235 3.2640 2.9339 0.9783 0.9885 0.9987 1.0101 1.0220 1.0371 
0.15 3.8978 3.5865 3.2998 3.0293 2.7820 2.5561 1.0005 1.0076 1.0141 1.0233 1.0322 1.0434 
0.2o 3.3136 3.0799 2.8643 2.6633 2.4782 2.3108 1.0254 1.0286 1.0332 1.0377 1.0449 1.0527 
0.25 2.9011 2.7214 2.5556 2.4006 2.2582 2.1284 1.0477 1.0494 1.0510 1.0542 1.0581 1.0637 
0.30 2.5888 2.4485 2.3188 2.1973 2.0848 1.9822 1.0660 1.0646 1.0663 1.0677 1.0713 1.0754 
0.35 2.3430 2.2323 2.1292 2.0324 1.9428 1.8608 1.0796 1.0791 1.0784 1.0796 1.0815 1.0845 
0.40 2.1452 2.0565 1.9739 1.8958 1.8233 1.7569 1.0892 1.0875 1.0865 1.0876 1.0896 1.0913 
0.45 1.9834 1.9113 1.8442 1.780/ 1.7214 0.6671 1.0943 1.0939 1.0930 1.0937 1.0948 1.0970 
0.50 1.8489 1.7892 1.7345 1.6823 1.6333 1.5888 1.0983 1.0978 1.0974 1.0974 1.0990 1.1002 
0.60 1.6362 1.5973 1.5606 1.5239 1.4903 1.4592 1.1026 1.1016 1.1004 1.1014 1.1027 1.1042 
0.70 1.4820 1.4546 1.4271 1.4034 1.3795 1.3571 1.1021 1.1023 1.1020 1.1018 1.1028 1.1045 
0.80 1.3644 1.3446 1.3262 1.3068 1.2908 1.2756 1.0994 1.0997 1.1008 1.1023 1.1018 1.1028 
0.90 1.2717 1.2584 1.2448 1.2324 1.2198 1.2081 1.0976 1.0968 1.0976 1.0991 1.0996 1.1015 
1.0 1.1978 1.1888 1.1796 1.1701 1.1616 1.1535 1.0952 1.0940 1.0946 1.0958 1.0967 1.0982 
1.2 1.0881 1.0851 1.0801 1.0762 1.0720 1.0680 1.0898 1.0890 1.0906 1.0903 1.0916 1.0927 
1.4 1.0106 1.0102 1.0096 1.0081 1.0067 1.0054 1.0863 1.0863 1.0862 1.0871 1.0880 1.0888 
1.6 0.95331 0.95523 0.95629 0.95723 0.95777 0.95760 1.0836 1.0838 1.0840 1.0841 1.0846 1.0861 
1.8 0.90908 0.91240 0.91536 0.91776 0.91894 0.92035 1.0822 1.0823 1.0821 1.0820 1.0828 1.0834 
2.0 0.87415 0.87906 0.88236 0.88553 0.88824 0.89007 1.0814 1.0808 1.0812 1.0812 1.0811 1.0820 
2.5 0.81243 0.81891 0.82396 0.82794 0.83175 0.83508 1.0805 1.0799 1.0799 1.0802 1.0802 1.0802 
3.0 0.77127 0.77879 0.78492 0.78992 0.79423 0.79779 1.0812 1.0806 1.0800 1.0798 1.0797 1.0802 
3.5 0.74175 0.74981 0.75645 0.76205 0.76679 0.77098 1.0824 1.0816 1.0809 1.0805 1.0803 1.0803 
4.o 0.71939 0.72776 0.73468 0.74057 0.74564 0.75010 1.0837 1.0828 1.0822 1.0817 1.0813 1.0811 
4.5 0.70159 0.71027 0.71738 0.72343 0.72869 0.73332 1.0850 1.0841 1.0834 1.0829 1.0824 1.0822 
5.0 0.68696 0.69584 0.70318 0.70935 0.71470 0.71944 1.0864 1.0853 1.0846 1.0841 1.0835 1.0233 
6.0 0.66395 0.67322 0.68079 0.68722 0.69273 0.69762 1.0890 1.0877 1.0868 1.0862 1.0856 1.0853 
8.0 0.63286 0.64214 0.64997 0.65659 0.66232 0.66738 1.0925 1.0915 1.0905 1.0898 1.0891 1.0886 
10. 0.61159 0.62102 0.62887 0.63557 0.64137 0.64649 1.0951 1.0941 1.0932 1.0925 1.0919 1.0913 
2o. 0.55536 0.56478 0.57266 0.57940 0.58530 0.59042 1.1016 1.1007 1.0999 1.0993 1.0990 1.0982 
40. 0.50763 0.51680 0.52448 0.53105 0.53682 0.54183 1.1055 1.1048 1.1042 1.1037 1.1033 1.1029 
60. 0.48217 0.49110 0.49860 0.50502 0.51062 0.51556 1.1071 1.1065 1.1060 1.1056 1.1052 1.1049 
80. 0.46499 0.47374 0.48108 0.48738 0.49283 0.49771 1.1080 1.1074 1.1070 1.106t 1.1063 1.1060 
100. 0.45214 0.46073 0.46794 0.47412 0.47946 0.48429 1.1086 1.1081 1.1077 1.1073 1.1070 1.1067 
200. 0.41459 0.42263 0.42939 0.43520 0.44019 0.44476 1.1102 1.1098 1.1094 1.1091 1.1089 1.1087 
400. 0.38027 0.38773 0.39402 0.39942 0.40417 0.40833 1.1112 1.1109 1.1106 1.1104 1.1102 1.1100 
600. 0.36152 0.36866 0.37466 0.37983 0.38435 0.38836 1.1116 1.1113 1.1111 1.1109 1.1107 1.1106 
800. 0.34877 0.35568 0.36149 0.36650 0.37089 0.37476 1.1117 1.1115 1.1113 1.1111 1.1109 1.1108 
1000. 0.33918 0.34592 0.35159 0.35647 0.36074 0.36453 1.1118 1.1115 1.1114 1.1112 1.1111 1.1110 
1.1118 1.1118 1.1118 1.1118 1.1118 1.1118 
See page 501 for Explanation of Tables 
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VIEHLAND. MASON, MORRISON. and FLANNERY 	Ion-Neutral-Molecule Inceractions 
TABLE III. Collision Integrals for (16,.6. 4) Potentials 
T. Tm0 T.4.2 T.0.4 
a• 
7.0.6 7.0.8 T .1.0 1.0 7.0.2 Y.0.4 
C• 
7.0.6 1m0.8 7.1.0 
0 1.2500 1.2500 1.2500 1.2500 1.2500 1.1852 0.8333 0.8333 0.8333 0.8333 0.8333 0.8889 
0.01 1.2561 1.2533 1.2477 1.2376 1.2191 1.1868 0.8286 0.8304 0.8339 0.8413 0.8567 0.8877 
0.02 1.2576 1.2534 1.2453 1.2332 1.2141 1.1862 0.8275 0.8302 0.8354 0.8446 0.8609 0.8879 
0.03 1.2584 1.2535 1.2438 1.2304 1.2114 1.1857 0.8267 0.8301 0.8366 0.8468 0.8634 0.8881 
0.04 1.2599 1.2535 1.2428 1.2286 1.2098 1.1857 0.8260 0.8300 0.8374 0.8484 0.8650 0.8882 
0.05 1.2605 1.2534 1.2422 1.2275 1.2088 1.1859 0.8253 0.8300 0.8381 0.8497 0.8662 0.8883 
0.06 1.2611 1.2534 1.2416 1.2267 1.2084 1.1863 0.8249 0.8300 0.8387 0.8506 0.8671 0.8883 
0.07 1.2617 1.2533 1.2415 1.2262 1.2081 1.1870 0.8243 0.8300 0.8391 0.8514 0.8677 0.8882 
0.08 1.2635 1.2531 1.2413 1.2261 1.2084 1.1878 0.8242 0.8299 0.8395 0.8520 0.8682 0.8880 
0.09 1.2635 1.2545 1.2409 1.2263 1.2087 1.1889 0.8233 0.8302 0.8396 0.8525 0.8686 0.8878 
0.10 1.2676 1.2549 1.2429 1.2260 1.2097 1.1900 0.8230 0.8299 0.8401 0.8527 0.8688 0.8876 
0.15 1.2921 1.2733 1.2553 1.2368 1.2196 1.2004 0.8167 0.8268 0.8384 0.8524 0.8680 0.8850 
0 . 20  1.3191 1.2975 1.2793 1.2584 1.2390 1.2192 0.066 0.8194 0.8335 0.8481 0.8639 0.8802 
0.25 1.3298 1.3149 1.2969 1.2790 1.2593 1.2409 0.7960 0.8110 0.8261 0.8419 0.8574 0.8737 
0.30 1.3359 1.3197 1.3035 1.2904 1.2752 1.2588 0.7881 0.2034 0.8189 0.8349 0.8509 0.8670 
0.35 1.3289 1.3193 1.3050 1.2933 1.2803 1.2687 0.7822 0.7980 0.8132 0.8290 0.8447 0.8600 
0.40 1.3157 1.3070 1.2996 1.2889 1.2809 1.2679 0.7785 0.7937 0.8092 0.8241 0.8395 0.8538 
0.45 1.3032 1.2943 1.2893 1.2808 1.2762 1.2666 0.7768 0.7917 0.8065 0.8210 0.8357 0.8491 
0.50 1.2857 1.2845 1.2769 1.2737 1.2683 1.2632 0.7767 0.7918 0.8055 0.8196 0.8334 0.8466 
0.60 1.2581 1.2562 1.2543 1.2535 1.2491 1.2465 0.7820 0.7948 0.8067 0.8198 0.8318 0.8433 
0.70 1.2324 1.2277 1.2321 1.2300 1.2297 1.2295 0.7889 0.7997 0.8126 0.8226 0.8332 0.8438 
0.80 1.2105 1.2107 1.2061 1.2089 1.2107 1.2104 0.7971 0.8081 0.8174 0.8283 0.8376 0.8459 
0.90 1.1925 1.1923 1.1930 1.1897 1.1909 1.028 0.8063 0.8160 0.8255 0.8333 0.8419 0.8502 
1.0 1.1781 1.1786 1.1776 1.1786 1.1777 1.1764 0.8156 0.8245 0.8325 0.8406 0.8476 0.8540 
1.2 1.1532 1.1531 1.1542 1.1560 1.1564 1.1572 0.8325 0.8395 0.8470 0.8534 0.8593 0.8648 
1.4 1.1365 1.1364 1.1367 1.1375 1.1383 1.1397 0.8476 0.8541 0.8597 0.8651 0.8701 0.8744 
1.6 1.1249 1.1243 1.1241 1.1243 1.1246 1.1253 0.8606 0.8662 0.8712 0.8754 0.8793 0 . 88 33 
1.8 1.1161 1.1160 1.1150 1.1142 1.1151 1.1154 0.8718 0.8769 0.8808 0.8842 0.8880 0.8911 
2.0 1.1094 1.1086 1.1087 1.1079 1.1074 1.1079 0.8812 0.8854 0.8895 0.8925 0.8952 0.8981 
2.5 1.0986 1.0972 1.0968 1.0968 1.0963 1.0959 0.8989 0.9021 0.9052 0.9081 0.9102 0.9120 
3.0 1.0922 1.0911 1.0904 1.0896 1.0893 1.0892 0.9112 0.9139 0.9162 0.9182 0.9200 0.9219 
3.5 1.0884 1.0873 1.0864 1.0856 1.0849 1.0849 0.9201 0.9223 0.9242 0.9259 0.9273 0.9287 
4.o 1.0857 1.0848 1.0839 1.0831 1.0825 1.0918 0.9265 0.9285 0.9302 0.9317 0.9329 0.9339 
4.5 1.0839 1.0829 1.0821 1.0814 1.0808 1.0902 0.9314 0.9332 0.9347 0.9361 0.9371 0.9381 
5.0 1.0827 1.0816 1.0808 1.0801 1.0795 1.0789 0.9353 0.9368 0.9382 0.9394 0.9404 0.9413 
6.o 1.0813 1.0801 1.0792 1.0785 1.0778 1.0773 0.9410 0.9422 0.9433 0.9442 0.9451 0.9458 
8.0 1.0797 1.0788 1.0779 1.0771 1.0765 1.0760 0.9472 0.9483 0.9491 0.9498 0.9505 0.9511 
10. 1.0790 1.0781 1.0773 1.0767 1.0760 1.0755 0.9505 0.9514 0.9522 0.9528 0.9534 0.9539 
20. 1.0785 1.0777 1.0771 1.0765 1.0760 1.0756 0.9558 0.9564 0.9569 0.9573 0.9577 0.9580 
40. 1.0783 1.0778 1.0773 1.0769 1.0768 1.0763 0.9575 0.9579 0.9583 0.9586 0.9588 0.9591 
6o. 1.0781 1.0777 1.0774 1.0771 1.0770 1.0766 0.9579 0.9582 0.9585 0.9588 0.9589 0.9592 
80. 1.0780 1.0777 1.0774 1.0772 1.0771 1.0768 0.9581 0.9584 0.9586 0.9588 0.9589 0.9592 
100. 1.0779 1.0777 1.0775 1.0772 1.0771 1.0769 0.9582 0.9584 0.9586 0.9588 0.9589 0.9591 
200. 1.0778 1.0777 1.0775 1.0774 1.0773 1.0772 0.9584 0.9586 0.9587 0.9588 0.9589 0.9590 
400. 1.0780 1.0778 1.0777 1.0776 1.0776 1.0775 0.9585 0.9586 0.9586 0.9587 0.9588 0.9588 
600. 1.0781 1.0780 1.0779 1.0778 1.0777 1.0776 0.9584 0.9585 0.9586 0.9586 0.9588 0.9587 
800. 1.0782 1.0781 1.0780 1.0779 1.0778 1.0778 0.9584 0.9585 0.9585 0.9586 0.9586 0.9587 
1000. 1.0782 1.0781 1.0780 1.0779 1.0778 1.0778 0.9583 0.9584 0.9585 0.9585 0.9586 0.9586 
1.0781 1.0781 1.0781 1.0781 1.0781 1.0781 0.9583 0.9583 0.9583 0.9583 0.9583 0.9583 
See page 501 for Explanation of Tables 
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VIEHLAND, MASON. MORRISON. and FLANNERY 	Ion-Neutral-Molecule Interactions 
TABLE III. Collision Integrals for (16, 6, 4) Potentials 
'8° Y.0 Y.0.2 Y .0.4 
E. 
1.0.6 Y Y.1.0 Y.0 Y .0.2 1 .0.4 
F. 
Y.0.6 Y00.8 Y .1.0 
0 0.8750 0.8750 0.8750 0.8750 0.8750 0.9167 0.8413 0.8413 0.8413 0.8413 0.8413 0.9377 
0.01 0.8755 0.8771 0.8803 0.8856 0.8964 0.9172 0.8513 0.8562 0.8637 0.8769 0.9002 0.9407 
0.02 0.8756 0.8780 0.8817 0.8883 0.8993 0.9173 0.8532 0.8593 0.8687 0.8845 0.9065 0.9415 
0.03 0.8757 0.8786 0.8827 0.8899 0.9009 0.9173 0.8544 0.8614 0.8720 0.8889 0.9099 0.9420 
0.04 0.8759 0.8791 0.8836 0.8912 0.9021 0.9174 0.8553 0.8630 0.8744 0.8918 0.9122 0.9423 
0.05 0.8761 0.8796 0.8845 0.8922 0.9031 0.9175 0.8561 0.8643 0.8762 0.8938 0.9138 0.9424 
0.06 0.8763 0.8798 0.8852 0.8931 0.9038 0.9176 0.8568 0.8655 0.8778 0.8952 0.9151 0.9423 
0.07 0.8768 0.8802 0.8859 0.8938 0.9045 0.9176 0.8573 0.8665 0.8790 0.8964 0.9160 0.9422 
0.08 0.8765 0.8811 0.8864 0.8946 0.9051 0.9178 0.8580 0.8673 0.8802 0.8972 0.9167 0.9419 
0.09 0.8772 0.8807 0.8874 0.8951 0.9057 0.9179 0.8581 0.8683 0.8810 0.8981 0.9173 0.9415 
0.10 0.8779 0.8816 0.8875 0.8959 0.9063 0.9181 0.8579 0.8688 0.8817 0.8986 0.9175 0.9412 
0.15 0.8807 0.8851 0.8917 0.8991 0.9092 0.9195 0.8531 0.8667 0.8811 0.8987 0.9164 0.9372 
0.20 0.8775 0.8848 0.8921 0.9012 0.9106 0.9202 0.8478 0.8622 0.8775 0.8946 0.9124 0.9314 
0.25 0.8710 0.8799 0.8889 0.8982 0.9087 0.9184 0.8451 0.8589 0.8741 0.8908 0.9074 0.9254 
0.30 0.8625 0.8738 0.8827 0.8937 0.9035 0.9133 0.8438 0.8579 0.8727 0.8878 0.9038 0.9207 
0.35 0.8540 0.8660 0.8761 0.8871 0.8976 0.9076 0.8453 0.8577 0.8721 0.8866 0.9019 0.9166 
0.40 0.8474 0.8590 0.8708 0.8815 0.8916 0.9020 0.8475 0.8600 0.8727 0.8861 0.8999 0.9142 
0.45 0.8436 0.8542 0.8654 0.8760 0.8866 0.8965 0.8493 0.8620 0.8739 0.8868 0.8999 0.9119 
0.50 0.8406 0.8511 0.8615 0.8724 0.8821 0.8917 0.8522 0.8640 0.8758 0.8874 0.8998 0.9116 
0.60 0.8377 0.8477 0.8585 0.8678 0.8763 0.8847 0.8608 0.8702 0.8790 0.8900 0.9007 0.9112 
0.70 0.8390 0.8477 0.8575 0.8661 0.8740 0.8818 0.8673 0.8761 0.8858 0.8939 0.9030 0.9119 
0.80 0.8441 0.8518 0.8585 0.8666 0.8743 0.8809 0.8736 0.8823 0.8907 0.8995 0.9070 0.9142 
0.90 0.8495 0.8571 0.8638 0.8692 0.8763 0.8819 0.8808 0.8880 0.8957 0.9030 0.9103 0.9176 
1.0 0.8555 0.8631 0.8690 0.8747 0.8799 0.8846 0.8877 0.8942 0.9006 0.9076 0.9139 0.9200 
1.2 0.8688 0.8744 0.8792 0.8845 0.8883 0.8924 0.9001 0.9052 0.9115 0.9164 0.9216 0.9265 
1.4 0.8808 0.8856 0.8898 0.8936 0.8968 0.9000 0.9112 0.9163 0.9206 0.9252 0.9294 0.9332 
1.6 0.8918 0.8956 0.8991 0.9023 0.9051 0.9073 0.9209 0.9253 0.9294 0.9328 0.9361 0.9397 
1.8 0.9012 0.9046 0.9075 0.9100 0.9124 0.9144 0.9297 0.9337 0.9367 0.9394 0.9428 0.9454 
2.0 0.9091 0.9122 0.9148 0.9169 0.9189 0.9206 0.9373 0.9403 0.9436 0.9461 0.9482 0.9509 
2.5 0.9243 0.9267 0.9286 0.9303 0.9315 0.9328 0.9520 0.9543 0.9566 0.9589 0.9605 0.9621 
3.0 0.9348 0.9365 0.9381 0.9395 0.9406 0.9415 0.9631 0.9647 0.9662 0.9678 0.9691 0.9708 
3.5 0.9421 0.9437 0.9450 0.9461 0.9469 0.9477 0.9714 0.9727 0.9738 0.9749 0.9758 0.9769 
4.0 0.9474 0.9488 0.9499 0.9509 0.9517 0.9523 0.9777 0.9788 0.9797 0.9806 0.9813 0.9821 
4.5 0.9514 0.9526 0.9536 0.954 5 0.9552 0.9558 0.9827 0.9835 0.9844 0.9851 0.9856 0.9864 
5.0 0.9544 0.9555 0.9564 0.9572 0.9578 0.9584 0.9868 0.9874 0.9881 0.9887 0.9892 0.9898 
6.0 0.9587 0.9596 0.9604 0.9610 0.9616 0.9620 0.9931 0.9934 0.9938 0.9942 0.9945 0.9950 
8.0 0.9632 0.9640 0.9647 0.9652 0.9658 0.9661 1.0006 1.0009 1.0010 1.0012 1.0014 1.0016 
10. 0.9655 0.9662 0.9668 0.9673 0.9678 0.9680 1.0050 1.0052 1.0053 1.0054 1.0055 1.0056 
20. 0.9685 0.9690 0.9695 0.9698 0.9702 0.9704 1.0134 1.0135 1.0135 1.0135 1.0135 1.0135 
40. 0.9691 0.9695 0.9698 0.9701 0.9703 0.9706 1.0174 1.0173 1.0173 1.0173 1.0173 1.0172 
60. 0.9692 0.9695 0.9698 0.9700 0.9702 0.9704 1.0188 1.0187 1.0186 1.0186 1.0186 1.0185 
80. 0.9692 0.9695 0.9697 0.9699 0.9700 0.9702 1.0196 1.0194 1.0194 1.0191 1.0193 1.0192 
100. 0.9693 0.9695 0.9697 0.9698 0.9699 0.9701 1.0201 1.0200 1.0199 1.0198 1.0197 1.0197 
200. 0.9692 0.9694 0.9695 0.9696 0.9697 0.9698 1.0214 1.0212 1.0211 1.0210 1.0209 1.0209 
400. 0.9691 0.9692 0.9693 0.9694 0.9695 0.9695 1.0221 1.0220 1.0218 1.0218 1.0217 1.0216 
600. 0.9699 0.9690 0.9691 0.9692 0.9693 0.9693 1.0222 1.0220 1.0220 1.0220 1.0220 1.0219 
800. 0.9588 0.9689 0.9690 0.9691 0.9692 0.9692 1.0222 1.0221 1.0221 1.0221 1.0221 1.0220 
1000. 0.9688 0.9689 0.9690 0.9690 0.9691 0.9691 1.0222 1.0221 1.0221 1.0221 1.0221 1.0220 
0.9688 0.9688 0.9668 0.9688 0.9686 0.9688 1.0225 1.0225 1.0225 1.0225 1.0225 1.0225 
See page 501 for Explanation of Tables 
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TABLE IV. Collision Integrals for (n, 4) Potentials 
A. 
T. n.6 n.10 n.14 n.18 n.300 n•6 nm10 n.14 n.18  n.300 
o 0.8696 0.8696 0.8696 0.8696 0.8696 
0.01 24.741 18.227 16.538 15.769 	13.776 0.8836 0.9109 0.9211 0.9266 0.9444 
0.02 ,17.267 12.780 11.573 11.024 9.6074 0.8901 0.9195 0.9319 0.9388 0.9605 
0.03 13.951 10.370 9.3812 8.9307 7.7747 0.8957 0.9261 0.9397 0.9473 0.9714 
0.04 11.973 8.9336 8.0771 7.6861 6.6884 0.9004 0.9318 0.9462 0.9542 0.9800 
0.05 10.632 7.9548 7.1885 6.8386 5.9506 0.9043 0.9366 0.9517 0.9602 0.9871 
0.06 9.6469 7.2303 6.5340 6.2140 5.4082 0.9077 0.9414 0.9566 0.9655 0.9932 
0.07 8.8816 6.6715 6.0249 5.7297 4.9883 0.9115 0.9446 0.9613 0.9701 0.9987 
0.08 8.2604 6.2183 5.6149 5.3390 4.6509 0.9162 0.9486 0.9656 0.9749 1.0035 
0.09 7.7394 5.8447 5.2787 5.0161 4.3722 0.9220 0.9526 0.9693 0.9783 1.0079 
0.10 7.2913 5.5257 4.9897 4.7450 4.1373 0.9289 0.9572 0.9737 0.9829 1.0120 
0.1 , 5 5.6789 4.4210 4.0087 3.8150 3.3439 0.9745 0.9661 0.9972 1.0038 1.0310 
0.20 4.6263 3.7185 3.4021 3.2490 2.8780 1.0206 1.0196 1.0234 1.0265 1.0413 
0.25 3.8791 3.2114 2.9699 2.8501 2.5606 1.0561 1.0489 1.0477 1.0481 1.0519 
0.30 3.3196 2.8270 2.6422 2.5493 2.3299 1.0821 1.0711 1.0675 1.0654 1.0575 
0.35 2.8962 2.5262 2.3836 2.3124 2.1517 1.0997 1.0872 1.0816 1.0775 1.0617 
0.40 2.5659 2.2848 2.1759 2.1225 2.0108 1.1117 1.0989 1.0920 1.0861 1.0631 
0.45 2.3012 2.0842 2.0075 1.9660 1.8957 1.1201 1.1080 1.0969 1.0922 1.0634 
0.50 2.0880 1.9252 1.8649 1.8370 1.8009 1.1254 1.1109 1.1021 1.0952 1.0621 
0.60 1.7671 1.6745 1.6449 1.6309 1.6529 1.1292 1.1155 1.1073 1.0998 1.0581 
0.70 1.5369 1.4916 1.4826 1.4830 1.5440 1.1319 1.1169 1.1061 1.0993 1.0529 
0.80 1.3681 1.3544 1.3606 1.3684 1.4609 1.1314 1.1158 1.1037 1.0960 1.0479 
0.90 1.2387 1.2483 1.2638 1.2791 1.3961 1.1309 1.1141 1.1022 1.0932 1.0433 
1.0 1.1374 1.1630 1.1886 1.2069 1.3444 1.1300 1.1122 1.0994 1.0907 1.0391 
1.2 0.98964 1.0386 1.0735 1.1005 1.2675 1.1289 1.1085 1.0954 1.0853 1.0322 
1.4 0.88850 0.95070 0.99396 1.0252 1.2137 1.1279 1.1064 1.0918 1.0814 1.0273 
1.6 0.81438 0.88550 0.93462 0.96927 1.1747 1.1274 1.1064 1.0895 1.0787 1.0231 
1.8 0.75829 0.83726 0.88897 0.92626 1.1450 1.1295 1.1047 1.0885 1.0769 1.0201 
2.0 0.71435 0.79838 0.85326 0.89217 1.1216 1.1317 1.1047 1.0877 1.0759 1.0179 
2.5 0.63692 0.72906 0.78940 0.83211 1.0812 1.1353 1.1070 1.0876 1.0746 1.0139 
3.0 0.58595 0.68339 0.74696 0.79208 1.0557 1.1404 1.1092 1.0887 1.0749 1.0113 
3.5 0.54943 0.65052 0.71653 0.76339 1.0381 1.1452 1.1118 1.0903 1.0758 1.0097 
4.0 0.52171 0.62536 0.69337 0.74169 1.0252 1.1495 1.1145 1.0919 1.0768 1.0087 
4.5 0.49956 0.60532 0.67490 0.72445 1.0155 1.1537 1.1170 1.0936 1.0779 1.0080 
5.0 0.48166 0.58883 0.65975 0.71031 1.0078 1.1568 1.1192 1.0952 1.0790 1.0075 
6.0 0.45337 0.56287 0.63583 0.68810 0.99663 1.1626 1.1233 1.0982 1.0813 1.0070 
8.0 0.41457 0.52743 0.60345 0.65813 0.98295 1.1714 1.1288 1.1022 1.0844 1.0065 
10. 0.38810 0.50301 0.58122 0.63776 0.97486 1.1776 1.1329 1.1053 1.0867 1.0066 
20. 0.31887 0.43811 0.52225 0.58402 0.95823 1.1931 1.1432 1.1126 1.0924 1.0067 
40. 0.26237 0.38335 0.47218 0.53850 0.94823 1.2039 1.1501 1.1172 1.0958 1.0067 
60. 0.23364 0.35460 0.44555 0.51417 0.94384 1.2087 1.1531 1.1191 1.0972 1.0066 
80. 0.21495 0.33547 0.42765 0.49773 0.94111 1.2115 1.1548 1.1202 1.0979 1.0066 
100. 0.20135 0.32131 0.41428 0.48539 0.93916 1.2135 1.1560 1.1210 1.0985 1.0066 
200. 0.16378 0.28087 0.37545 0.44922 0.93379 1.2184 1.1589 1.1229 1.0999 1.0068 
400. 0.13258 0.24529 0.34028 0.41591 0.92905 1.2221 1.1607 1.1241 1.1008 1.0070 
600. 0.11694 0.22649 0.32122 0.39759 0.92642 1.2238 1.1614 1.1245 1.1010 1.0071 
800. 0.10690 0.21399 0.30833 0.38508 0.92458 1.2248 1.1617 1.1246 1.1011 1.0071 
1000. 0.09967 0.20475 0.29868 0.37565 0.92316 1.2255 1.1619 1.1247 1.1011 1.0071 
1.2344 1.1639 1.1258 1.1010 1.0084 
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TABLE IV. Collision Integrals for (n. 4) Potentials 
Bit 
T• mm6 n..10 n■14 n■ 18 n.300 ne6 n■ 10 n■ 14 n■ 18 n.300 
o 1.2500 1.2500 1.2500 1.2500 1.2500 0.8333 0.8333 0.8333 0.8333 0.8333 
0.01 1.2581 1.2548 1.2558 1.2563 1.2575 0.8283 0.8298 0.8289 0.8284 0.8272 
0.02 1.2622 1.2568 1.2574 1.2578 1.2582 0.8256 0.8287 0.8278 0.8273 0.8263 
0.03 1.2641 1.2584 1.2586 1.2590 1.2585 0.8237 0.8277 0.8270 0.8265 0.8258 
0.04 1.2629 1.2595 1.2597 1.2600 1.2585 0.8228 0.8268 0.8262 0.8258 0.8255 
0.05 1.2624 1.2608 1.2605 1.2607 1.2585 0.8223 0.8262 0.8256 0.8252 0.8253 
0.06 1.2666 1.2610 1.2608 1.2614 1.2583 0.8217 0.8259 0.8251 0.8247 0.8253 
0.07 1.2766 1.2607 1.2597 1.2623 1.2582 0.8202 0.8251 0.8245 0.8242 0.8252 
0.08 1.2918 1.2643 1.2630 1.2623 1.2580 0.8176 0.8246 0.8246 0.8238 0.8252 
0.09 1.3070 1.2697 1.2640 1.2639 1.2578 0.8137 0.8236 0.8235 0.8236 0.8252 
0.10 1.3274 1.2776 1.2680 1.2653 1.2576 0.8088 0.8223 0.8231 0.8227 0.8252 
0.15 1.3957 1.3269 1.2993 1.2870 1.2567 0.7771 0.8084 0.8155 0.8178 0.8256 
0.20 1.4164 1.3596 1.3291 1.3095 1.2559 0.7470 0.7897 0.8031 0.8090 0.8257 
0.25 1.4168 1.3728 1.3416 1.3228 1.2529 0.7248 0.7731 0.7909 0.8002 0.8265 
0.30 1.4016 1.3695 1.3468 1.3268 1.2467 0.7098 0.7603 0.7821 0.7927 0.8275 
0.35 1.3817 1.3599 1.3371 1.3215 1.2378 0.7001 0.7517 0.7748 0.7879 0.8294 
0.40 1.3624 1.3460 1.3251 1.3066 1.2273 0.6945 0.7467 0.7711 0.7840 0.8319 
0.45 1.3461 1.3303 1.3084 1.2942 1.2162 0.6929 0.7455 0.7680 0.7833 0.8353 
0.50 1.3254 1..3098 1.2933 1.2799 1.2034 0.6921 0.7435 0.7689 0.7831 0.8392 
0.60 1.2902 1.2793 1.2604 1.2537 1.1791 0.6957 0.7474 0.7720 0.7893 0 .8479 
0.70 1.2616 1.2530 1.2388 1.2253 1.1571 0.7038 0.7547 0.7803 0.7952 0.8574 
0.80 1.2427 1.2313 1.2156 1.2057 1.1374 0.7142 0.7636 0.7882 0.8042 0.8670 
0.90 1.2258 1.2093 1.2003 1.1869 1.1204 0.7251 0.7725 0.7983 0.8129 0.8761 
1.0 1.2118 1.1962 1.1811 1.1736 1.1070 0.7360 0.7830 0.8064 0.8224 0.8847 
1.2 1.1913 1.1732 1.1590 1.1484 1.0870 0.7568 0.8012 0.8248 0.8389 0.9002 
1.4 1.1769 1.1576 1.1425 1.1313 1.0719 0.7750 0.8180 0.8400 0.8536 0.9128 
1.6 1.1684 1.1471 1.1308 1.1198 1.0611 0.7914 0.8329 0.8534 0.8665 0.9230 
1.8 1.1612 1.1375 1.1222 1.1110 1.0531 0.8051 0.8441 0.8649 0.8774 0.9314 
2.0 1.1561 1.1320 1.1153 1.1042 1.0472 0.8167 0.8546 0.8743 0.8867 0.9386 
2.5 1.1499 1.1224 1.1049 1.0933 1.0372 0.8394 0.8746 0.8926 0.9039 0.9517 
3.0 1.1473 1.1174 1.0990 1.0866 1.0307 0.8552 0.8882 0.9054 0.9160 0.9604 
3.5 1.1466 1.1144 1.0953 1.0826 1.0264 0.8666 0.8979 0.9144 0.9246 0.9666 
4.0 1.1466 1.1128 1.0928 1.0798 1.0234 0.8749 0.9051 0.9210 0.9309 0.9712 
4.5 1.1472 1.1119 1.0913 1.0778 1.0208 0.8813 0.9106 0.9261 0.9357 0.9747 
5.0 1.1474 1.1115 1.0902 1.0765 1.0188 0.8858 0.9149 0.9301 0.9395 0.9774 
6.0 1.1487 1.1113 1.0892 1.0749 1.0166 0.8924 0.9210 0.9360 0.9451 0.9815 
8.0 1.1514 1.1112 1.0878 1.0730 1.0128 0.8996 0.9274 0.9421' 0.9512 0.9862 
10. 1.1537 1.1118 1.0875 1.0721 1.0112 0.9031 0.9308 0.9455 0.9545 0.9890 
20. 1.1602 1.1142 1.0876 1.0711 1.0079 0.9067 0.9353 0.9507 0.9599 0.9938 
40. .1.1657 1.1159 1.0879 1.0706 1.0063 0.9054 0.9360 0.9521 0.9617 0.9958 
60. 1.1683 1.1165 1.0878 1.0703 1.0057 0.9039 0.9358 0.9524 0.9622 0.9965 
80. 1.1699 1.1168 1.0878 1.0701 1.0053 0.9028 0.9357 0.9525 0.9625 .0.9968 
100. 1.17i1 1.1171 1.0878 1.0700 1.0051 0.9020 0.9355 0.9526 0.9626 0.9970 
200. 1.1741 1.1178 1.0878 1.0698 1.0046 0.8995 0.9351 0.9527 0.9629 0.9974 
400. 1.1765 1.1187 1.0881 1.0699 1.0045 0.8974 0.9346 0.9527 0.9630 0.9976 
600. 1.1776 1.1191 1.0883 1.0700 1.0045 0.8963 0.9343 0.9526 0.9630 0.9977 
800. 1.1783 1.1194 1.0884 1.0701 1.0045 0.8956 0.9341 0.9525 0.9630 0.9977 
1000. 1.1789 1.1195 1.0885 1.0701 1.0045 0.8951 0.9340 0.9525 0.9629 0.9977 
1.1852 1.1200 1.0884 1.0700 1.0044 0.8889 0.9333 0.9524 0.9630 0.9978 
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TABLE IV. Collision Integrals for (n, 4) Potentials 
T. n.6 n=10 rt..14 n=18 n=300 n=6 n=10 n=14 n.18 n=300 
0 0.8750 0.8750 0.8750 0.8750 0.8750 0.8413 0.8413 0.8413 0.8413 0.8413 
0.01 0.8732 0.8753 0.8754 0.8755 0.8759 0.8390 0.8484 0.8508 0.8515 0.8550 
0.02 0.8726 0.8755 0.8756 0.8757 0.8763 0.8384 0.8496 0.8525 0.8535 0.8582 
6.05 0.8719 0.8757 0.8758 0.8758 0.8767 0.8380 0.8506 0.8534 0.8548 0.8605 
0.04 0.8718 0.8756 0.8760 0.8760 0.8770 0.8384 0.8514 0.8542 0.8559 0.8622 
0.05 0.8717 0.8755 0.8760 0.8761 0.8773 0.8384 0.8521 0.8549 0.8568 0.8636 
0.06 0.8722 0.8753 0.8762 0.8763 0.8776 0.8371 0.8530 0.8556 0.8575 0.8647 
0.07 0.8732 0.8751 0.8765 0.8763 0.9779 0.8341 0.8530 0.8564 0.8583 0.8658 
0.08 0.8746 0.8768 0.8768 0.8760 0.8781 0.8297 0.8531 0.8570 0.8592 0.8666 
0.09 0.8758 0.8777 0.8771 0.8770 0.8783 0.8244 0.8519 0.8567 0.8597 0.8675 
0.10 0.8768 0.4789 0.8779 0.8768 0.8786 0.8184 0.8502 0.8568 0.8594 0.8682 
0.15 0.3706 0.8816 0.8808 0.8801 0.8789 0.7941 0.8363 0.8499 0.8558 0.8725 
0.20 0.8504 0.8732 0.8779 0.8705 0.8800 0.7040 0.8263 0.8427 0.0512 0.8730 
0.25 0.3292 0.8608 0.8695 0.8724 0.8789 0.7814 0.8220 0.8392 0.8486 0.8758 
0.30 0.8119 0.8473 0.9599 0.8643 0.8779 0.7838 0.3213 0.8381 0.8481 0.8774 
0.35 0.7981 0.8352 0.8500 0.3574 0.8763 0.7870 0.8225 0.8399 0.8498 0.8803 
0.40 0.7882 0.8276 0.8424 0.8518 0.8755 0.7903 0.8244 0.3423 0.8515 0.8822 
0.45 0.7818 0.8203 0.8388 0.8469 0.8753 0.7946 0.8297 0.8433 0.8546 0.8853 
0.50 0.7776 0.8163 0.8346 0.8450 0.8758 0.7984 0.8316 0.8478 0.8561 0.8879 
0.60 0.7762 0.8136 0.8303 0.8424 .0.8791 0.8064 0.8391 0.8547 0.8652 0.8938 
0.70 0.7788 0.8154 0.8335 0.8428 0.8845 0.8160 0.8465 0.8621 0.8711 0.9001 
0.80 0.7847 0.8202 0.8381 0.8486 0.8909 0.8248 0.8545 0.8686 0.8777 0.9068 
0.90 0.7920 0.8257 0.8436 0.8543 0.8975 0.8339 0.8622 0.8764 0.8842 0.9130 
1.0 0.7999 0.8331 0.8494 0.8605 0.9042 0.8427 0.8703 0.8826 0.8912 0.9186 
1.2 0.8161 0.8472 0.8633 0.8732 0.9166 0.8595 0.8841 0.8966 0.9031 0.9289 
1.4 0.8312 0.8609 0.8757 0.8850 0.9270 0.8741 0.8973 0.9076 0.9138 0.9376 
1.6 0.8455 0.8727 0.8870 0.8957 0.9357 0.8877 0.9096 0.9180 0.9234 0.9443 
1.8 0.8562 0.8829 0.8966 0.9050 0.9428 0.8996 0.9186 0.9272 0.9318 0.9501 
2.0 0.8656 0.8918 0.9047 0.9127 0.9488 0.9100 0.9274 0.9348 0.9391 0.9549 
2.5 0.8851 0.9082 0.9203 0.9276 0.9599 0.9310 0.9452 0.9504 0.9533 0.9639 
3.0 0.8979 0.9198 0.9310 0.9379 0.9674 0.9465 0.9580 0.9620 0.9639 0.9701 
3.5 0.9069 0.9277 0.9385 0.9451 0.9728 0.9584 0.9575 0.9705 0.9719 0.9746 
4.0 0.9132 0.9334 0.9439 0.9503 0.9767 0.9675 0.9750 0.9772 0.9779 0.9780 
4 .5 0.9179 0.9377 0.9479 0.9542 0.9798 0.9749 0.9809 0.9824 0.9827 0.9809 
5.0 0.9214 0.9409 0.9510 0.9572 0.9822 0.9804 0.9857 0.9867 0.9867 0.9831 
6.0 0.9262 0.9453 0.9553 0.9614 0.9854 0.9890 0.9930 0.9934 0.9928 0.9864 
8.0 0.9309 0.9499 0.9599 0.9660 0.9897 0.9998 1.0015 1.0010 1.0000 0.9907 
10. 0.9329 0.9520 0.9621 0.9682 0.9918 1.0060 1.0067 1.0057 1.0042 0.9933 
20. 0.9339 0.9541 0.9649 0.9714 0.9954 1.0177 1.0166 1.0145 1.0124 0.9979 
40. 0.9317 0.9537 0.9653 0.9722 0.9968 1.0229 1.0216 1.0186 1.0161 0.9997 
60. 0.9301 0.9533 0.9652 0.9723 0.9973 1.0244 1.0233 1.0202 1.0175 1.0003 
80. 0.9290 0.9530 0.9652 0.9724 0.9976 1.0252 1.0243 1.0210 1.0182 1.0006 
100. 0.9282 0.9527 0.9652 0.9725 0.9978 1.0256 1.0249 1.0216 1.0187 1.0008 
200. 0.9259 0.9521 0.9650 0.9726 0.9982 1.0264 1.0262 1.0230 1.0200 1.0015 
400. 0.9239 0.9514 0.9648 0.9725 0.9983 1.0267 1.0268 1.0236 1.0206 1.0019 
600. 0.9230 0.9510 0.9646 0.9723 0.9983 1.0268 1.0269 1.0238 1.0207 1.0020 
800. 0.9224 0.9508 0.9645 0.9723 0.9983 1.0269 1.0269 1.0238 1.0207 1.0019 
1000. 0.9220 0.9507 0.9644 0.9722 0.9983 1.0269 1.0269 1.0237 1.0207 1.0019 
0.9167 0.9500 0.9643 0.9722 0.9983 1.0268 1.0277 1.0241 1.0211 1.0018 
See page 501 for Explanation of Tables 
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TABLE V. Asymptotic Forms of I2 11,11" 
T'-+0: 
= 1.4714 r 	3n(1-y) 	11/2 
(7--)1/2L n(3 + y) - 12(1 + y) 
for y 	1 	(from Ref. 19) 
L-2 (,,D... 1.1874 	n 	V /3 
(T' )1/3 k n - 6 / 
T` 	co: 
for y = 1 	(from Ref. 18) 
	
c211 	-  f(n)  r 	12(1 + y) 	2
/n 
( 7-. ) 2,9 L n(3 + -y) - 12(1 + 
n 	6 	8 	10 	12 	14 	16 	18 	300 	co 
f(n) 0.8363 0.8661 0.8869 0.9022 0.9133 0.9229 0.9310 0.9950 	1 
Values calculated from Ref. 18, except for it = 12 which is from Ref. 17 
TABLE VI. Effective Reduced Temperatures for Minima and Maxima in the Mobility 
Potential 	 T`„,; „ 	 Potential 	 7*. 
(8. 6. 4): 	y = 0 - 1.89 	(16. 6, 4): y = 0 	 - 	 1.21 
y = 0.2 	 - 	 1.81 y = 0.2 - 1.12 
y = 0.4 0.051 1.68 	 y = 0.4 	 0.201 	 1.01 
y = 0.6 	0.122 	 1.63 y = 0.6 0.313 0.900 
y = 0.8 0.177 1.54 	 y = 0.8 	 0.504 	 0.702 
7 = 1 	 0.244 	 1.42 y = 1 - 	 - 
(12. 6, 4): y = 0 - 1.43 	(n. 4): 	n = 6 	 - 2.37 
y = 0.2 	 - 	 1.35 n= 10 - 	 1.61 
y = 0.4 0.153 1.27 	 n= 14 	 - 1.31 
y = 0.6 	0.224 	 1.17 n = 18 - 	 1.13 
y = 0.8 0.309 1.07 	 n = 300 	- 0.419 
y = 1 	 0.420 	 0.950 it = oc - 	 0.36 
See page 501 for Explanation of Tables 






EXCITATION IN ELECTRON-METASTABLE HELIUM COLLISIONS 
Excitation in electron-metastable helium collisions* 
M. R. Flannery, W. F. Morrison, and B. L. Richmond 
School of Physics. Georgia Institute of Technology, Atlanta. Georgia 30332 
(Received 14 October 1974) 	• 
The 21 'P, 3 135, 3 1 'P, 3 1-1 D and 4"P excitations arising from e -Fle(2"5) collisions are examined 
by application of the Born and of the Vainsiatein. Presnyakov, and Sobel'man 'approximations. Total 
excitation cross sections are calculated for the above transitions for electron impact energy E up to 
500 eV. Contrary to expectation, excitation to the 3 13D and 3"S state dominate the 3"P and 
4 1 .3 P excitations except at incident energies above 100 eV. 
177 
I. INTRODUCTIQN 
While theoretical and experimental knowledge of colli-
sions between electrons and ground-state atomic species 
has increased significantly during the past decade, 
relatively little' is known with any great certainty about 
collisions involving metastables. In a high-density gas 
discharge, metastable states are populated predomi-
nantly by dissociative recombination 
e+He*,—He +He• 	 (1) 
between slow electrons and molecular ions formed 
initially by the rapid three-body association process 
He• + 2He — He; +He. 	 (2) 
In (1), the excited levels with principal quantum 
number n a 3 (except, perhaps, the 3'•'S states) are 
depleted by associative ionization (or the Hornbeck-
Molnar process) 
He** +He — He; + e 	 (3) 
thereby ensuring, that the 2 1 •5 metastable states, which 
are also formed by direct electron-impact excitation 
from the ground state, are the dominant excited atomic 
species. The rates of the subsequent collision processes 
involving the metastables are very important to the 
analysis of gaseous discharges and gaseous nebulae' 
and are at present unknown. In vacuum uv-lasers, for 
example, excited molecular states He; are formed 
mainly by 
He*+ 2He lie; +He 	 (4) 
which radiate photons of wavelength -610 A to the dis-
sociative ground state, thereby ensuring automatic 
population inversion. The metastable He formed via 
(1) is primarily depleted by the excitation processes, 
e+He(2 -"S)— e+He(nP- 3L), n=2-4; L =S, P, D 
(5) 
the cross sections for which would critically affect the 
over-all formation rate of He by (4). Any information 
on the above processes (5) is very scarce. 
In an effort to systematically explore the various 
processes involving metastables, we will consider in 
this paper the excitation cross sections for (5) by using 
initially the simpler theoretical approaches—the Born' 
and the Vainshtein, Presnyakov, and Sobel'man (VPS) 
approximations.' Various effects such as the repulsion 
'between the incident and excited electrons, effective-
charge, and electron-exchange effects are included to 
first order in the VPS method. Not only will this present 
1186 	Journal of Applied Physics, Vol. 46. No. 3, March 1975 
investigation establish some remarkable properties of 
the cross sections but also will provide the additional 
insight to the collision needed as a basis for more re-
fined descriptions. 
II. THEORY 
According to the Born approximation' for electron-
atom collisions, the total cross section for excitation 
of state n from an•initial state i of the target atom is 
given by 
Q,„(k, ) = :T154 f "" F,,,(K)I 2
lyn  
in atomic units (e4), where 
2 
F15(K) = ( 6 1(rb 	exP(iX • rj ) I  st,„(r1, rd) 	(7 ) 
is generalized form factor connecting states i and it of 
atomic helium, the bound electrons at r, and r, being 
described by the set of wave functions cb,, (1%, r2 ) with 
eigenenergies e,,. The vector where k, and 
k„ are the initial and final wave numbers ,of relativ& " 
motion, is the momentum change suffered by the colli-
sion. From a knowledge of the form factor(7); the 
excitation cross sections are easily calculated from (6). 
In Born's.approximation, however, and in more re-
fined descriptions, e.g. , the close-coupling method, the 
total wave function for the collision system is expanded 
in terms of unperturbed atomic states, the interaction 
between the incoming electron and the atom being 
treated as a perturbation, assumed small. In this in-
stance, the averaged attraction of the incident electron 
with the screened nucleus is of primary importance, 
while details of repulsion with the atomic electrons is 
ignored in the wave function describing the relative 
motion. However, when an atom is initially in an excited 
stale,' the electron is generally quite distant from the 
core [for H(n), (n).7eci0 ; for He(2'S),.(rid =5.3a,,1 and 
hence, the incident electron is subjected not to the 
averaged field of the orbital electron about the core but 
actually to two strong Coulomb fields—the e-e repulsion 
and the e-core attraction. These two fields reduce to the 
averaged field only for distant encounters. 
For electron-hydrogen scattering, Vainshtein of al.' 
have introduced a method whereby a prodUct of Coulom-
bit functions is chosen to represent the zero-order (un-
perturbed) wave function for the e-H relative motion. 
The method achieved notable success for e-H (1s) exci-
tation and ionization. The extension of their analysis to 
Copyright i7  1975 American Institute of Physics 	 1186 
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e-He(2"35) collisions is straightforward, and results in 




10 , )1 Ks 	 (8) 
in which the integrand of (6) is multiplied by the square 
of the factor, 
f(v,r)=(sit-ii-u ry)F(-iv,iv,1,x), 	 (9) 
where F is a hypergeometric function with arguments 
2e,d +K2  
x= 2e,+3K2 ' 
in which 	=e,,-e, is the excitation energy in atomic 
units (27.2 eV) and where the second value of v in (10) is 
designed to account for the fact that the atomic electrons 
are bound so as to give an effective-charge effect. 
The effect of exchange between the incident and atomic 
electrons is ignored by (6) and (8). Its acknowledgment 
involves explicit inclusion of spin functions. For sing-
let-singlet transitions the over-all spin state for the 
(e -He) system is a doublet and the total wave function 
for the three electrons denoted by 1, 2, and 3 is, in a 
two-state treatment, given by, 
ora l in 
44 (1,2;3)=Or,/a E (41(1,2)F,(3) 
1.2.3 
2)F„(3)Ix - (1, 2;3)e 	+ 
where F„,(3) is the wave function describing the pro-
jectile-target relative motion, where 
x -(1, 2; 3) =-(liff)(a il; - Lcza)nis 
	 (12) 
is the-normalized doublet spin function, and where 
1,4(1,2)=4,/,(2,1) is the symmetrical spatial wave-func-
tion for singlet helium. The over-all wave function irs, 
normalized by Ns , is antisymmetric with respect to 
interchange of any two electrons. The Born approxima-
tion to the amplitude for scattering by angle 9 is 
therefore 
F,„(8)= ;kr 27/4 Es, E. En, (i's1VI*1)„...s .„ , (13) 
33. 	as 
where V(r i ,r2 ,r,) is the e-He electrostatic interaction 
and F,(3)=exp(ik, --r). On performing the cyclic sum-
mations in (11), on summing over the spin substates 
m.=** in (13) and on.using the orthonormal properties 
of the spin functions a, and 3,, then, the scattering 
amplitude reduces, after some analysis, to 
Fl.s(8)=1.1(f.„- 	 (14) 
where 
f„(8)= 	(*s,(l, 2)F. (3 ) v141(1, 2)F, (3)) (15) 
is the scattering amplitude for direct collisions alone 
and 
2 ea 1 rn 
4,(8)=--- 	 (4's (3 2)F" (1)1V1 ,11(1,2)F, (3)) (16) 4rr  
represents the scattering amplitude for exchange colli- 
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sions in which electrons 1 and 3 have been interchanged. 
By taking 	to be a plane wave, then (14)-(16) gives 
rise to the Born-Oppenheimer approximation.' By taking 
to be a plane wave and F, to be a product of unper-
turbed Coulombic waves, then 
gr,r2 = (K1.124) f , 	?ff 	 (17) 
M.A., with 	exp(iltio 'r3), 
for the exchange amplitude can eventually be derived 
from application of the VPS'approximation whicn also 
assumes (4‘,14"„)=6,,, and hence N s =1 in (14). Then, 
the total cross section including exchange for singlet-
singlet transitions is finally 
Qf;1 (k,) = 2 /4' f Fi2.2 	d(cosf) 
(18) 
= 81r 	....1F,„(101.  ic. ( v  	 dK. 
414 r 
For the triplet-triplet transitions in (5), the over-all 
antisymmetric spatial-spin state function can either be-
long to a doublet or as a quartet spin state. Scattering 
in the doublet mode occurs in one-third of all collisions 
while two-thirds of all collisions are in a quartet mode. 
The total wave function analogous to (11) is therefore 
ere 
4,r (1, 2; 3)= (.1VD/V-3)3. .3 [41(1,2)Fi 
+4,1(1 ,2)Fn (3)]x;.0 (1, 2; 3) 
	
(19) 
+ ‘Ir n 
in which 41(1,2) is the antisymmetric spatial wave func-
tionJor triplet helium and where the three-electron 
normalized spin functions are 
°faze's, 	 Afs,- + -1 
x;(1,2;3)= (1/a(ce,,,, 2 g3 .1..a t istia,+0,c1 2as ), Ms =4:4 
(20a)  
for the quartet spin state with total magnetic components 
Ms=3 and I, and 
x;(1, 2; 3)= (1/4-6)[2a icx 233 - a i (a 032 + a s3d], Ms . +4 
(20b) 
represents the doublet state. The. functions appropriate 
to states with negative magnetic quantum numbers are 
obtained from (12) and (20) by the a, — pi interchange 
for each of the three electrons in the corresponding 
function for positive Ms . 
By substituting (19) and (20) in (13) and by performing 
the cyclic summations, then after lengthy, although 
straightforward, analysis, 
nr(D)= Nr(fi. +  A.) 	 (21a) 
and 
Ff:(e)= -vr(fi.- 2g..) (21b) 
are obtained for the scattering amplitudes in the doublet 
(D) and quartet (Q) modes, respectively. Since one-third 
and two-thirds of all collisions are in the D and Q 
Flannery, Morrison, and Richmond 	1187 
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FIG. 1. (a) The VP and (b) the 3 1 5 cross sections for excitation arising from e-He (2'S) collisions as a function of electron impact 
energy. Broken curve: Born approximation, (6) in text: solid curve: VPS approximation, 1, 2— (8)—(10) in text, with and without 
effective charge, 3—(18) with effective charge and exchange. 
modes, respectively, then 
	
I Fri(0)ra 	=11 FIT(D)12 + 4117(Q)1 2 	 (22a) 
= 	— 2Re(f1„gt„)+ 3 14.1 2 . (22b) 
Hence, the total excitation cross section for triplet-
triplet transitions is then 
c?f,;(1z 1 )= 27 	Fr,, (9)12d(cosq) 
	
(23a) 
8v 	IFtK 	f ' 2 (rftv,x)? 
+1 k4 	6?) dK 
	
(23b) 
on application of the VPS approximations (8) and (17) 
for A. and gie , respectively. Note that at high impact 
energies, the function f(v,..t) — 1 so that the Born and 
the Ochkur4 approximations are recovered for the direct 
and exchange scattering amplitudes, respectively. The 
Ochkur method is a simplification to the original Born-
Oppenheimer approximation mentioned above and is 
therefore based on the use of plane waves for the rela-
tive motion. 
III. RESULTS AND DISCUSSION 
The theory outlined above has been applied to the  
examination of the excitation processes, 
e+He(2•3S)—e-1-He(n" 3L), n=2-4, L=5, P, D, (24) 
for incident-electron energies E from threshold up to 
000 eV. Highly accurate form factors (3) have already 
been computed by Kim and inolcutis from the extremely 
reliable correlated wave functions of Weiss.° The 
following four sets of cross-section calculations were 
performed for each transition in (24)—the Born approxi-
mation B given by (6), and the three VPS approximations 
given by (8)—(10), with and without the effective charge, 
and by (18) and (23) which include the additional effect 
of electron exchange in singlet-singlet and triplet-
triplet transitions, respectively. 
In Figs. 1-4 are presented the Born and VPS cross 
sections (in irt4 =0.88 X 10-Le cm') calculated to within 
1% accuracy as a function of impact energy E (eV). The 
present Born values agree with those previously given 
by Kim and Inokutis for the 2'S-2 1P and the triplet-
triplet transitions. The optical line strengths S for the 
214S-2 1'.3P transitions are the largest (25.5 and 57.7 
atomic units, respectively”) and hence it is only to be 
expected that the collision cross sections for these ex-
citations dominate. However, Fig. 3 demonstrates a 
remarkable feature at low E when the collisional exci-
tations are in the following descending order 3'D> 3'S 
> 3 1 13 > 4LP. At high E> 100 eV, the natural order 3'P 
> 3'D > 3'S > 4"P is followed when the cross sections 






FIG. 2. The 2i 4/2 cross sections for excitation arising from 
e-lie(2i 4 S) collisions. (---): Born approximation; VPS 
approximation (3) with effective charge and exchange; 0004: 
close-coupling results of Burke et at. (Ref. 8). 
E't lriE for the optically allowed transitions, and -E ."' 
for the optically forbidden transitions. For the singlet 
transitions o(3 1S)>a(3 1P) from threshold up to -12 eV, 
while cr(3'1i) remains greater than cr(3`.1 3) up to 100 eV. 
Figure 4 demonstrates that similar behavior occurs 
also for the triplet transitions, the crossover point for 
the cross sections being shifted however to higher 
energies, i.e., a(VS)>a(3a12) for E<100 eV and a(3'D) 
>a(3 3 13) for E <1000 eV. 
The basic reason for this unexpected behavior is that 
the line strength for the 2•3.S-S•P transitions in helium 
is abnormally small, i.e., 2.5 atomic units' to be com-
pared with the value" 18.8 for the 2s-3p transition in 
atomic hydrogen. The importance of the quadrupole and 
higher-order optically forbidden multipole terms rela-
tive to the optically allowed dipole term is therefore 
strong such that the optically forbidden collisional exci-
tations dominate the optically allowed excitation at low 
and intermediate impact energies. 
The effects acknowledged by the various VPS approxi-
mations are demonstrated in Fig. 1 for the 2'p and the 
3'S excitations which were found to be representatives 
of the optically allowed and forbidden transitions in 
(24). The use, as in (8) with v= 	of the zero-order 
Coulombic functions for the relative motion (instead of 
a plane wave) yields, in general, cross sections which 
are lower than the Born values in the low- and inter-
mediate-energy region and which eventually converge 
onto the correct Born limit at high energies. The 
optically allowed transitions are affected more by this 
inclusion than are the optically forbidden excitations. 
When the effective charge is acknowledged by the use of 
v=[k i + (2€ 1 )1 / 2 ]"1 in (8) and (9), all the cross sections 
are significantly increased. The additional inclusion of 
exchange, as by (18) and (23). causes a relatively 
smaller decrease. The use of more-refined wave func-
tions for the relative motion thus appears to be more . 
important than the inclusion of exchange. 
This claim is further supported in Fig. 2 by the 
close-coupling study of Burke et al.' who included dis-
tortion and exchange effects in the solution near thres-
hold of the equations' closely coupling all the n = 2 
states. The close-coupling results Lie in general be-
tween Born and VPS treatments except at the lowest E. 
The agreeMent exhibited in Fig. 2 between the VPS and 
close-coupling approximations for the 2 3S-2'P is re-
markable. The singlet excitation cross sections are. in 
general, greater than those for the triplet excitations. 
In Figs. 3 and 4 are displayed the comparison of the 
Born cross sections with the VPS approximation (with 
effective charge and exchange) for the singlet-singlet 
and triplet-triplet transitions to the n=3 and 4 states. 
Convergence to the Born limit is attained at high ener-
gies. The dip in the Born VP and 43P cross sections at 
FIG. 3. The 3I5, 3 1P, 31 D, and 4 1 P excitations arising from 
e-He WS) collisions. Broken curve: Born approximation; solid 
curve: VPS approximation (3) with effective charge and ex-
change. 
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FIG. 4. The 335. 33P, 33 D, and VP excitations arising from 
e-He(235') collisions. Broken curve: Born approximation; solid 
curve: VPS approximation (3) with effective charge and 
exchange. 
10 eV is a direct result of a zero occurring in the cor-
responding form factors (7), and this dip is further 
reflected in the VPS curves which are increasing with 
E at 10 eV. 
In conclusion, total excitation cross sections for 
transitions arising from electron-metastable helium 
transitions have been derived from two different ap-
proximations. In the Born approximation, the incident 
relative motion is represented by a plane wave unaffect-
ed by the target, while in the VPS method, the relative 
motion is taken as a product of two Coulomb waves 
arising from the incident electron-atomic electron re-
pulsion and the incident electron-atomic core attraction. 
The differences exhibited in the various sets of cross-
section curves is a measure of the importance of ob-
taining accurate wave functions for the relative motion. 
At present, the situation is difficult to assess without  
resorting to more-refined theoretical treatments as. 
for example, the close-coupling or multichannel eikonal 
approach.' However, in the absence - of any experimental 
data and since the above two approximations correspond 
to the two extremes of relative motion, each set of 
curves in the figures simply display the present 
theoretical uncertainty in finding reliable cross sections 
for excitation out of metastable helium. Application of 
the VPS approximation to the is-2s and is-2p excita-
tions and the ionization of atomic hydrogen by electron 
impact does yield, however, cross sections" in good 
agreement with experiment. The agreement exhibited 
between the VPS and close-coupling methods for the 
23S-23P excitation is also encouraging. 
However, all the figures clearly indicate the need 
that theoretidal treatments more refined than above 
must closely couple all the excitation channels together. 
The VP cross section is smaller than both the 3'D and 
3'S cross sections at low energies such that it would be 
affected by the presence of the 3'D-3'P and VS-VP 
dipole couplings which would therefore tend to enhance 
the 3'P excitation at low energies. Thus for impact 
energies E <100 eV, it is highly desirable to closely 
couple all the 2'S, VP, 3'S, VP, and 3'D channels. 
Such an investigation would involve the solution of up 
to ten coupled differential equations and is quite 
difficult. 
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